Applied Mathematical Sciences, Vol. 11, 2017, no. 12, 561 - 570
HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988 /ams.2017.7133

General Analytical Solution for
the One Dimensional Regular Cauchy Problem
of Euler-Poisson-Darboux Equation
David Kweyu and A. W. Manyonge

Department of Pure and Applied Mathematics
Maseno University, P.O. Box 333-40105, Maseno, Kenya

Copyright (©) 2017 David Kweyu and A. W. Manyonge. This article is distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.

Abstract

A general analytical solution to the one dimensional regular Cauchy
problem of Euler-Poisson-Darboux (EPD) equation has been investi-
gated. The one dimensional EPD which is a Partial Differential Equa-
tion (PDE) with initial conditions is transformed into Ordinary Dif-
ferential Equation (ODE) using Similarity Transformation. The first
derivative of the ODE is eliminated by substitution technique. The co-
efficient of the first derivative is equated to zero and then solved. The
general solution is a product of two terms. The first term is the one
obtained when the first derivative is eliminated from the ODE and the
second term is the complementary function (cf) obtained from the re-
maining part of ODE. The arbitrary constants of the cf are obtained
in terms of « and ¢ when the initial conditions are substituted in the
general solution. The general solution is a solution for one dimensional
regular Cauchy EPD’s and degenerate EPD’s, which by coincident are
one dimensional wave equations.

Mathematics Subject Classification: 35Q05

Keywords: Regular Cauchy, Singular Cauchy, Similarity Transformation,
Degenerate, General Analytical Solution



562 David Kweyu and A. W. Manyonge

1 Introduction

The regular Cauchy problem of Euler-Poisson-Darboux equation appears in
various areas of Mathematics and Physics, such as the theory of surfaces, the
propagation of sound, etc [3]. The Cauchy problem of Euler-Poisson-Darboux
equation takes the form:

FU U U _PU kU
ox?  Ox3 7 0x2 Ot t Ot

Uy, .oy @0, 0) = f(xq,...)

ou
E(Z'l,...,flfn,()) =0 (1)

where x1, 19, ...x,, are points in R", k is a real parameter, ¢ is a time parameter,
f is function, U is diplacement of a wave and R" is Euclidean space. The
problem is called singular if % — 0o as t — 0 and degenerate if % — 0 as
t — 0. When the initial conditions in (1) are replaced by

Uy, .oy @y t) = f(21,...2)

oU
E(zla -">$n>t) =0

the problem becomes regular Cauchy when —oo < % < 00. Davis [5] found
the explicit solution for a regular Cauchy problem for the n-dimensional EPD
equation. To obtain the solution , Davis extended the method of Riesz to
include non self adjoint equations. FExistence and uniqueness were shown.
Asral [1] solved the regular Cauchy problem for the EPD equations using the
method of ascent. In our earlier paper, Manyonge et al [6], we found the
weak solution for the singular Cauchy problem of EPD equation for n = 4 by
applying Fourier transform to form Bessel differential equation. Convolution
theorem is then applied on the inverse transform of the solution of Bessel
differential equation. In the present paper, we have obtained analytically, a
general solution for one dimensional regular Cauchy problem of Euler -Poisson-
Darboux equation . The solution also works for one dimensional EPD’s that

are degenerate.
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2 One dimensional regular Cauchy problem of
Euler-Poisson-Darboux equation

The regular Cauchy problem of Euler-Poisson-Darboux (EPD) equation for
n-dimensions takes the form

82_U_|_82_U_|_ +(?2_U_82_U+58_U (2)
or?  dx3 7 02 o2t Ot
Uz, .y Tp, t) = f(z1,...70) (3)
oU
E(xl,...,xn,t) =0 (4)

For one dimensional EPD, equations (2) to (4) become:

U U kdU

2 oE T iar (5)
Uz, t) = f(x) (6)
oU
o) =0 (7)

The main task is to find a function U(x,t) which satisfies equations (5) to (7)
above.

3 Converting PDE of EPD into ODE by Sim-
ilarity Transformation

To apply the Similarity Transformation method [2], let U(z,t) = G(z"t) so

that:
8_U

5 = nta" G (2"t) (8)
*U n—2/(_n 242 2(n=1) (. .n
W:n(n—l)m G'(z"t) + n"t°x G"(2"t) 9)
T
aa—[j = 2"G'(a"t) (10)
2
_aat[?] = 2*"G" (2"t) (11)

Substituting equations (9) to (11) in equation (5) gives

n(n — 1)ta"2G (a™t) + n*2x* 2 G (a™) = 2*"G" (z"t) + éx"G'(m”t) (12)
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Let 0 = 2"t so that ¢t = % then equation (12) becomes
-2 2 2 =2 2n 11 k2n/
n(n — 1oz =G (o) + n“o°x “G"(0) = 2"G"(0) + —z*"G'(0)
o

The equation above is made consistent only when —2 = 2n so that n = —1.
The equation then becomes

20% — k
o3 —o

G"(0) + ( ) G'(c)=0 (13)
Equation (5) which is a PDE has been converted into an ODE as shown in
equation (13).

4 Elimination of first derivative

The first derivative in equation (13) is removed by using the following trans-

formation [4]: Let

d’G dG
F+A%+BG:C (14)

where A, B and C are functions of ¢ and coefficients of G and its derivatives.
Let also G = wz, where z is not an integral solution of complementary function

(cf), then
dG B dw n wdz
do Zda do

d*G d2_w dw dz d*z

do? ~ Cdo? o do T Vdo?
Putting G, % and % in equation (14) we obtain
d*w 2dz\ dw d?z dz w C
@+<A+;%>%+(@+A%+Bz);—; (15)

The first derivative is eliminated by equating the second bracket on the left in
equation (15) to zero. z in G = wz is not part of cf

2dz
A+ —-—=0
+ zdo
2= 2dAd (16)

The value of first bracket on the left of equation (15) is found by using equation

(16) as follows:
dz 1 1 - 1
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asc_ 1aa — _Z — T A 18
12 2do”  2d0 . 2do” 2\ 732 sae e (8

Equations (17) and (18) are put in the coefficient of w in equation (15) and

d?z 1dA Adz 1dA A( 1 ) 1dA 1
Az | =

become
A’z dz 1dA 1 1 1dA 1
— 4 A4 Br=———24+-A%4 A=A Bz=z|B—-— —-A?
do? e TP T Ty ( > Z)+ : Z( 2do 4 )
(19)

When the first derivative is eliminated from equation (15), the equation be-
comes

Pw  (p_ldd 1.\ _C

do? 2do 4 oz

d*w 1dA 1 , 1 [ Ade

O, = Cez /Ao
Putting B; and C in equation (20) gives
d2
—w + Blw = Cl (21)

do?

Since G = wz, w is obtained from the solution of equation (21) which is an
ODE while z obtained from the integration of equation (16).

5 General solution for the one dimensional Euler-

Poisson-Darboux equation

5.1 Elimination of the first derivative %
Using equations (13) and (14)
202 —
A== Y B_0.c-0
o° — 0
1dA A2
dA B —20% — 202 + 302k — k

do (03 —0)?
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A1 (20°—k 2_1 4ot — 402k + k?
4  4\o3—-0) 4 (03 —0)?

Equation (22) becomes

(2024 k)(2-k)
B = 4(03 —0)? (23)

Since

C) = Cez [ At
and C' = 0 then C} = 0. Putting B, and C} in equation (21), gives
d? 202+ k)(2—k
w+((a+ ) >>w:O (24)

do? 4(03 — 0)?

5.2 The complementary function (cf)

From equation (24), let m be its root then

. i2,\/(202 + k)2 - k)

4(03 — 0)?

The cf is therefore

w = M cos \/(202 +R)(2 - k)0+ ]\75111\/(202 Gl k)U (25)

4(03 — 0)? 4(03 — 0)?

Where M and N are arbitrary constants. Since o = %

¢@ﬁ+wxz—m IRViCEET=nIoE

10 —o T o —)

Equation (25) becomes

JEETERNE-F) . R E k)
D) B Teop)

(26)

w= Mcosz

Equation (26) is the complementary function (cf).

5.3 Finding z which is not part of complementary func-
tion

From equation (16)

1 [20%—k 1)1
z:exp—E/ ‘ dozw
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Again since o = £,
x

(27)

Equation (27) gives the value of z, which is not part of complementary function

5.4 General solution for the one dimensional Euler-Poisson-
Darboux equation

The general solution of the one dimensional Euler-Poisson-Daxboux equation
is given by
t
Ulx,t) =G(o) =G (—) = wz (28)

X

Putting equations (26) and (27) in equation (28) gives

202 + 22k) (2 — k) L VEEL PR R | (- 22) ' T
2y NS 22— 22 ] ( I )

Uz, t) = Mcosx\/(

(29)

6 General solution for the EPD in terms of x
and t

To find the general solution for the EPD in terms of x and ¢, we put initial
conditions in equation (29) to obtain values of arbitrary costants M and N in
terms of x and .

6.1 Substituting U(x,t)=f(x)

Putting U(z,t) = f(x) in equation (29) we have

VEETIRE—E) | JOET R k:)] ((t2 - xz)kfx>

fla) = M cosar =g 2(17 — 22)

6.2 Substituting & =0

Before differentiating equation (29) partially with respect to ¢, let
P — MCOS x—\f(2t2+x2k)(2_k)7R — NSinl'w and Q _ (tQ_xZ)TZ’

2(t2—x?) 2(12—22)
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A (PQ) + %(RQ) =PQ +PQ+RQ +RQ=0 (31)

ot ot
Putting P, @, R, S and their primes in equation (31) gives
2 2\EZ6 9 2 2 2
- -2 2t k)2 —k
o )T @20 ORI R
2t 2 2(t? — 22)
_l’_
(12 —22) T2\ (22— k)2 (2 + 22 + 22k) M sina V2 + 22k)(2 — k)
ts (2t2 + kaz)%(t2 — 12)? 2(t2 — x?)
+
2 2?) 5 (a%k — 22 202 + 2%k) (2 — k
e R i B T A Wt [t
2T 2(t2 — 22)

((t2 - 332)k42x> (:vt(2 — k)3 (2 + a2 + a:%)) Neos g VCET PR F)

(212 + 22k)2 (12 — 22)? 212 — 22)

[N

(32)

6.3 Values of arbitrary constants M and N

Arbitrary constants M and N are found by solving equations (30) and (32)

) B} — k—6
simultaneously , therefore let D = x%, E = x(tZ_ﬁ)j};gIQk_Qt?) ,
2t 2

k=2

1 k=2
F = #h2Craiva’h) o pp o (Boe) T e Putting D, E, F and H in equation
(2t2+22k) 2 (2 —22)2 t2

(30) it becomes

f(z) — NHsinD

M = 33
HcosD (33)
Putting again D, E, F and H in equation (32) it becomes
MEcosD + MHFsinD — NFHcosD + NEsinD = 0 (34)
Putting equation (33) in (34), gives
f(z)(Ecos D+ HFsin D)
N = 35
el (35)
Putting equation (35) in equation (33) it becomes
M= f(z)(HF cos D + Esin D) (36)

H?F
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6.4 Substituting M and N in the general solution
Putting equations (35) and (36) in equation (29) gives

HF + Esin2D

703 (37)

Ulz,t) = f(x)

Writing equation (37) in terms of x and ¢ gives

(2 — 22)(22k — 262)(262 + 22k)3 sin 23;—\/(””%)52"“)

2
2(t2 —z2

U(%t) :f(x) 1+ 2$t2(2_1{;)%(t2+x2+x2k)

(38)

7 Results

7.1 Regular case

Equation (38) is the general analytical solution for the regular Cauchy case
when ¢ > 0 and k is a real parameter,

7.2 Degenerate case

When k = 0, equation (38) becomes

t(t? — 2?) sin 725

z(t? + 22)

Uz,t) = f(z) |1 —

which is the general analytical solution to the one dimensional wave equation.

Conclusion

In this research, the general analytical solution for the one dimensional regular
Cauchy EPD has been worked out . The same equation is also the general
analytical solution for the one dimensional wave equation when k£ = 0.
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