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Abstract

Let H be an infinite dimensional complex Hilbert space and A, B € B(H)
where B(H) is the C*-algebra of all bounded linear operators on H. Let

Mup : B(H) — B(H) be a multiplication operator induced by A and B de-
fined by

Magp(X) = AXB (1)
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In this paper we show that the numerical range of multiplication operator

is given by
V(MAB/B(B(H))> = [UUeU(H) W(U*AUB)f]f for all A, B € B(H)

and U a unitary operator on the algebra B(H) where V is the algebraic nu-
merical range and W is the classical numerical range. The results obtained

are an extension of the the work done by Barraa [4].
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1. Introduction

Multiplication operator

There are various settings for the definition of multiplication operator.

Let A be a unital Banach algebra.The multiplication operator M,;, : A — A
is defined by

Mp(z) = axb (2)
where z € A and a,b € A are fixed.

Numerical range

For operators in a Hilbert space H, the notion of numerical range (or field
of values) is important in various applications in the study of operators. The
numerical range of an operator T' € B(H) is a subset of a complex plane C
defined by

W(T) ={(Tx,x) : ||z|| = 1}. This set is convex but not closed in general.For

the multiplication operator we have
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W(Map)={(AXBz,z):x € H, ||z| <1} (3)
The algebraic numerical range of a € A for a unital C*-algebra A is defined

by;

Via/A) ={f(a): f € A% |fl =1=f(e)} (4)
which is a closed convex set. Similarly,
V(Map/sn) = {f(Mag) : f € B(B(H)",[|f]| =1= f(AB)} ().

If A = B(X) where B(X) is the algebra of bounded linear operators on a
normed space X and T' € B(X) then we have the spatial numerical range of
T defined by;

Vi(T) = {f(T2) - x € X, f € X* with |[f] = 2] = 1= f(x)}. )

Theorem 1
Let H be a Hilbert space and B(H) the algebra of all bounded linear operators

on H.Then the numerical range V (Mag) is a convex set.

Proof

We need to show that if a;,an € V(Map) and ¢ € (0,1) then

a=ta;+ (1 —t)ag € V(Map).

Let ay,ay € V(Myp) the there exists states f; andf; such that

a; = fi(Mag) and ag = fo(Map) where Myp € B(B(H)),

FU(AB) =1 = ||fill and fo(AB) = 1 = || ful|. We define f on B(B(H)) by
f(Mag) =tfi(Mag)+ (1 —1t)fo(Map). It suffices to show that f is a state by
showing that it is linear, positive and its norm is one.

f is linear

Let 1, o € C and (Map) € B(B(H)) then

f(u(Map) + p2(Map)) = tfi(pa(Map) + po(Map)) + (1 = t) f2(pa (Ma) +
p12(Mag))

= {tf1((Map))+(1=10) folpr (Map)) }+{t f1(12(Map))+(1=1) fo(pua(Map)) }
= {m(tfi(Map)) +p((L=1) fo(Map)) } +{p2(t fr(Map) + p2((1—t) f2(Mag)) }
= p{tfr(Map) + (1 = 1) fo(Map)} + pof{t fr(Map) + (1 — 1) f2(Mag)}

= (f(Map)) + p2(f(Map))

f 1is positive
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f((AXB)*AXB) =tfi((AXB)*AXB) + (1 —t)fo((AXB)*AXB) > 0 Since
fi((AXB)*AXB) = (AXB)*AX Bz, x)

= (AX Bz, AXBz) = |AXBJ]? = ||A||?||B||* > 0.

Now,

f(AB) =tfi(AB)+ (1 —t)f2(AB) =t + (1 —t) = 1.

L= [f(AB)| < [[fll[1] = [[f]| implying that [ f]| > 1. Also,

[f(AB)| = [t/1(AB) + (1 — 1) f2(AB)]
< [tfi(AB)] +[(1 —1) f2(AB)]
< |t|| fr]] + |1 = t||| f2|| = 1. Implying that || f|| < 1. Thus f is a state in

B(B(H))*. Therefore, f(Mag) € V(Mag) so V(Myg) is convex.

Theorem 2
V(MAB/B(B(H))> = W(AXB)

Proof
Here,it will be shown that V/(Myp) C W(AXB) and W(AXB) C V(Mag).
Let o € W(AXB) then there exists a sequence {Zn}n>1 of unit vectors in H
such that lim,, .. (AX By, x,) = o and lim,_,||AX Bz,|| = ||AX B|| for all
Map € B(B(H)).
We define a functional f on B(B(H)) by f(AXB) = lim,,—e(AX Bxy, x,) S0
that f(AXB) =«
We will show that f is a state.
First, f is linear since if (AXB) € B(B(H)) and A\, u € C then,
FMAXB) + p(AX B)) = limy,,00((MAX B) + (AX B)) %y, )
= 1limy 0o (MAX B)xy, ) + limy, oo (W(AX B) 2y, )
= MNimy oo ((AX B)zp, ) + plimy, oo ((AX B)p, )
= A\f(AXB) + uf(AXB).
Also, f is positive since
F(AX BY*(AX B) = limp oo (AX B)*AX B), )
= limy oo (AX Bz, AX Bzx,)
= {limy 00| AX Bz,||}* = ||[AX BJ|* > 0.
Finally, |f(AX B)| = [lim, 0o (AX Bx,,, ;)|
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< iMoo ||[AX By || limy, oo || 20| = [|[AX B]|.
Thus || £ < 1.
Now, 1 = [|f(AB)| < |fIIAB] = If] so, that | f]| > 1. Therefore |[f] = 1
and so o € V(Mag). Hence W(AXB) C V(Mag)
Next we show that V(AXB) C W(AXB) See[l].
Let A € V(AXB) and A not in W(AX B) and deduce a contradiction. There-
fore, there exists a state f € B(B(H))* such that f(AXB) = Aand f((AXB)*AXB) >
0. Since W(AXB) is convex, then by rotating M,p, we may assume that
Re W(AXB) < Re A —a, a> 0.
Let G ={r € H : ||z =1 and Re (AXBz,r) > Re A\ — 5, a >0} and
¥ = sup{||]AXBz||: x € H}. Then 9 <0.
The set G is nonempty because if it is not, then for all x € H, ||z|| = 1 we
shall have
Re(AXBxz,r) < Re A\ — %, a > 0.
But since [ is a weak*-limit of convex combinations of vector states for alle > 0
there exists N = N(¢) such that for all n > N, |f,(AXB) — f(AXB)| <e.
Also we can find M = M (e) such that for all n > M,
|fn((AXB)*AXB) — f((AXB)*AXB)| < e.
Taking e < § and n > max(N, M) and since
fn(AXB) = 37" aiw,, (AXB) = > " a;(AX B, x;) for 0 < a; < 1 and
Yo, a; =1 we have
Re f,(x) = Re > | ajw,,(AXB) = Re Y | a;(AX Bz, ;)

=> i, a;Re (AXBxjx;) < Re A — §.

But f,(z) > f(AXB) — ¢ and therefore Re f,(x) > Re A — ¢ which implies
that ¢ > 5. This is a contradiction.
Now, for all x; € G, we have that ||AX Bz;|| < 9.
Sincef(AXB)*AXB) < fo((AXB)*AXB) + ¢ and 0 < f((AXB)*AXB we
obtain
0 < f((AXB)*AXB) < f,((AXB)*AXB)+e =Y | |[AXBx;||*+c < ¥* <0
which is also a contradiction. Thus A not in W(AX B) implies that A is not in
V(AXB). Hence A € V(AX B) implies that A € W(AXB) and so V(AXB) C

W(AXB) and since W(AX B) is convex, then V(AXB) C W(AXB).
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Main result

Theorem 3

Let H be a complex Hilbert space and B(H) a C*-algebra of all bounded linear
operators on H. Then,

V(Magssm)) = Uvewn WU AUB) ]

For all A, B € B(H) and U a unitary operator.

To prove this theorem we use the following Lemma 4

Lemma 4
Let A and B be elements in B(H). Then, W(AB) C V(Map/p(s(m))) where
W(AB) = {(ABz,z)}.

Proof

Let o € W(AB) then by definition of the classical numerical range, there exist
x € H with ||z|| = 1 such that;

a = (ABz,x) = tr(AB(x ® z)) where tr(.) is a linear form trace.

We denote this linear form by ¥,, and define it as

Usoe(X) =tr(X(z®x)) = (Xx,z) on B(B(H)). The linear form is bounded
and its norm is equal to one that is;

|Wssall = llo @] = 1.

The form V4, is also a state since

VU,ooo(l) =tr(z @) = (x,2) = ||2]|> = 1 and

VU,0. XX =tr(X*X(z® 1)) = (X*Xz,z) = (X2, Xx) = | X2|]* > 0.

S0 Voga(Mas(Ig) C V(Map/ps(my)) and we have that

Voow(Map(Ig) = Vg (AB) = tr(AB(z ® ) = (ABx,x) = a.

Thus W(AB) € W(Mag) C V(Mag,p(B(m)))-

Let E be a Banach space. Then T € B(F) is said to be an isometry if
|Tz|| = ||z|| for all x € E. If T is an invertible isometry, then its inverse 7!
is also an isometry therefore,



On numerical range of multiplication operator 289

for all S € B(E).
If E=H then T = U and T~! = U*. Thus from equation (7) we have that
V(UAU* ) = V(U AU ) = V(A/Ban) (8)
for all A € B(H).
Given two isometries U,V € H, then
V(My-av veBv/BB(1))) = V(MaB/B(B(1))) (9)
for all A, B € B(H).
Now, taking an invertible isometry Ry« with Ry«y as its inverse, then
V(M av V*BV/B(B(H))) = V(Ryv+ Mup RU*V?B(B(H))): and by lemma 4
W(U*AU V*BV) C V(RU\/* Map RU*V/B B(H)) ) and
Uvvevn WU AU VZBV) C V(Mg psm))-
Since the numerical range is closed and the product of two unitaries is also a
unitary, then
(Uvevan WUTAUB)™|~ C V(Map/p(s))) or
[UVeU W(V*AVB)~]~ C V(Mag,BB(m)))-
Next we proceed to show the inclusion
V(Map/sBn)) C [UUeU(H) W(U*AUB)"|".
Let A be a Banach algebra, then for any a € A;
V(a/A) = MN.ecf : [ = 2] < la — z[|}.(See [15]).
The norm of multiplication operator is defined by;
[Mag|l = Sup{||Map(X)| = | X[ =1}
= Sup{|[AXB| : X € B(H), | X]| <1}.

Theorem 5
Let A be C*-algebra, then
[Mag| = Sup{||Map(U)|| : U € U(A)}
= Sup{||AUB|| : U e U(A)

where U(A) denotes the set of unitaries in A. (see [11]).
Now, if A = B(H) then M,5(U) = AUB for all U € U(H). Therefore,
V(Map/pmy) = Niec{A 1 A = 2] < [[Map — z[[}. But
|1Map = z|| = Sup{[[(Map — 2)(U)|| : U € U(H)}

= Sup{||(AUB — 2)U||: U € U(H)}.
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Since the unitary U € U(H) is an isometry, then
|\Mag — z|| = Sup{||[U*AUB — z1g| : U € U(H)}.
So if p € V(Mag/BB(my)) then for all z € C,
pEA{IA =zl < ||Map — 2l | }-
Taking a fixed € > 0, there exists U, such that
|Mag — 21| < ||UsAU.B — 21| + € and by theorem 1.4 we have that,
W(UrAU,)- =V (UrAU.B)
= MeecA s A =2 < UFAUB — 21|}
and so there exists A € W(UXAU B) such that |u — A < e.
Since ¢ is arbitrary, p € [Upep g W(UTAUB)™]". O
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