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Abstract

This paper provides an accurate mathematical method for determining SU(N) symmetry group gener-
ators in a general N-dimensional quantum state space. We identify the generators as well-defined quantum
state transition and eigenvalue operators occurring in an orderly pattern within a system of (N — 1) focal
state transition spaces specified by focal state vectors |m) , m = 2,3, ..., N which constitute an SU(N)
generator-spectrum. Each focal state transition space specified by a focal state vector |m) (denoted by
FSTS-|m)) contains 2m — 1 traceless non-diagonal and diagonal symmetric and antisymmetric generators
plus 1 non-traceless diagonal symmetric generator. The full SU(N) generator-spectrum composed of an
orderly pattern of (N — 1) focal state transition spaces contains a total of N 2 _ 1 traceless non-diagonal
and diagonal symmetric and antisymmetric generators plus (N — 1) non-traceless diagonal symmetric
generators. A well-defined weighted sum of the (N — 1) non-traceless diagonal symmetric generators con-
stitutes a completeness relation within the N-dimensional quantum state space of the SU(N) symmetry
group. Noting that each focal state transition space FSTS-|m) contains m — 1 two-state subspaces, we
determine an orderly distribution of the %N (N — 1) two-state subspaces among the N — 1 focal state
transition spaces in an SU(N) generator-spectrum. Realizing that the basic SU(N) generator-spectrum
for N > 3 is not algebraically closed, we introduce “Cartan” and “conjugate-Cartan” generators which
provide the desired closed SU(N) algebra.

Introduction

The work in this paper is a follow up to earlier work [1 , 2] by the present author where an accurate mathe-
matical method for determining all the standard N2 — 1 traceless non-diagonal and diagonal symmetric and
antisymmetric generators plus (N — 1) non-traceless diagonal symmetric generators of an SU(N) symmetry
group was developed. We provide a precise clarification of the procedure, leading to identification of an
orderly arrangement of the generators in an SU(N) generator-spectrum.

Considering that SU(N) symmetry group elements generate transformations governing the dynamical
evolution of interacting physical systems, we introduce an SU(N) symmetry group quantum state space
defined as an N-dimensional (integer N = 2, 3,4, ....) state space specified by N mutually orthonormal state
vectors |n) , n = 1,2,3,....; N defined as column matrices, i.e., N x 1 matrices, with entries 0 in all rows
except entry 1 in the n-th row according to

1 0 0 8 0

0 1 0 0 0

0 0 1 0
= ) |2> = 3 ‘3> = ) eeeeeees 3 |N - 1> = 5 |N> =

0 0 0 0 1

satisfying orthonormalization relation

(nlm) = dnm

(10)

These unit state vectors may specify either the energy level or spin angular momentum spectrum of a system of
interacting particles and fields. The general dynamics of the system of particles and gauge fields in an N-state



quantum space is characterized by transitions among the quantum states. To gain a clear understanding of
the state transition processes, the N-state quantum space is decomposed into %N (N —1) two-state subspaces,
specified by paired state numbers nm, within which transitions occur, such that each transition couples only
two states |n) , |m) at a time. The decomposition of the N-state quantum space into $N(N — 1) two-
state subspaces is determined by a rich spectrum of state transition processes, which we classify in two
types, namely random state and focal state transition processes, where a random state transition process
is composed of a collection of scattered transitions coupling random pairs nm , n # m = 1,2,3,..., N of
quantum states, while a focal state transition process specified by a focal state |m) is composed of a collection
of (m — 1) focussed transitions from (m — 1) various states [n) , n = 1,2,3,...,m — 1 into the focal state
|m) , m =2,3,4,..., N. A focal state is defined as a quantum state into which transitions from a specified
number of different quantum states converge. There are a total of (N —1) focal states |m) , m = 2,3,4,..., N
within the N-state quantum space.

In a physical interpretation, a focal state transition process composed of a stream of electromagnetic
radiation propagating from (m — 1) different states |n) , n = 1,2,....,m — 1 into a focal state |m) , m =
2,3, ...., N within an N-state quantum space is equivalent to a stream of light rays from various sources
converging at a focal point in classical geometrical optics, such that a focal state in the quantum state space
corresponds to a focal point in classical geometrical optics.

2 Focal state transition spaces and the SU(/N) generator-spectrum

Considering that SU(N) symmetry group generators are associated with the focussed (non-chaotic) transi-
tions within focal state transition processes, we introduce a focal state transition space defined as a quantum
subspace within which a focal state transition process comprising (m — 1) transitions into a focal state |m)
occurs. A focal state transition space specified by a focal state vector |m) is thus composed of (m — 1)
two-state subspaces each coupling a state |n) , n = 1,2,3,..., m — 1 to the focal state |m). The physical
property that there are (N — 1) focal states each specifying a focal state transition space means that there
are (N — 1) focal state transition spaces in the general N-state quantum space. In a group theoretic inter-
pretation, a focal state transition space corresponds to a Cartan subspace defined by a Cartan subalgebra
and the number (N — 1) of the focal state transition spaces corresponds to the rank of the underlying SU(N)
symmetry group.

Within each of the (m — 1) two-state subspaces specified by |n) , |m) in a focal state transition space,
the basic N x N matrices Lym , 02, , Ok s 02, , n =1,23,...,m — 1, obtained as diagonal or non-
diagonal symmetric and antisymmetric tensor products of the unit state vectors [n) , |m) constitute a set of
SU(N) symmetry group generators within the focal state transition space. The full set of SU(N) symmetry
group generators formed in all the (IV — 1) focal state transition spaces, each specified by focal state vector
|m) , m = 2,3,4,..., N, constitutes the SU(N) symmetry group generator-spectrum, which we determine
explicitly below.

In a two-state subspace |n) , |m) within a focal state transition space specified by a focal state |m), we
identify I, , o7, as the basic diagonal symmetric and antisymmetric N x N matrices obtained in the
respective unit state vector tensor product forms

I = n)(n| + [m)(m| 5 o, = In)(n| — |m){(m| (2a)

nm

and of ., oY . as the basic non-diagonal symmetric and antisymmetric N x N matrices obtained in the

respective unit state vector tensor product forms

Opm = [){m|+|m)(n| 5 o}, = —i(In)(m| — [m)(n]) (20)
where in the full N-state quantum space containing (N — 1) focal states |m), n takes valuesn = 1,2, .....,m—1
for each m = 2,3, ...., N. The indices x,y, z denote components in the Cartesian coordinate axes as usual.

The imaginary number factor —i in the definition of the non-diagonal antisymmetric matrix o¥,, effects
the algebraic property that the symmetry group matrices are interpreted as Hermitian quantum operators.
We observe that the non-diagonal symmetric and antisymmetric matrices oy, , 0%, and the diagonal
antisymmetric matrix oZ,, are traceless, but the diagonal symmetric matrix I,,,, is non-traceless.

Applying the orthonormalization relation in equation (1b), we identify the basic non-diagonal symmetric

and antisymmetric matrices o o, defined in equation (2b) as state transition operators generating state

nm >’



transition algebraic operations

x

Opmlm) = [m) 5 onylm) =n) 5 opn) =ilm) 5 op,|m) = —in) (2¢)

and the basic diagonal symmetric and antisymmetric SU(2) matrices I, , 07, defined in equation (2a) as
state identity and eigenvalue operators, respectively, generating state transition algebraic operations

Lum|n) =|n) 5 Inmlm) =|m) 5 opy,ln) =|n) 5 og,[m) = —|m) (2d)

The algebraic property that state transformations generated by elements of SU(N) symmetry groups
govern the dynamical evolution of particle and field interactions, taken together with the group theoretic
interpretation that the (IV — 1) focal state transition spaces within the N-state quantum space correspond
to the (N — 1) Cartan subspaces of an SU(N) symmetry group of rank (N — 1), means that the generators
of the underlying SU(N) symmetry group are composed of the basic diagonal and non-diagonal symmetric
and antisymmetric N x N matrices Ipm , 0Z,, , 05, , 02, determined as tensor products of the unit state
vectors |n) , |m) specifying the (m — 1) two-state subspaces within each of the (IV — 1) focal state transition
spaces according to equations (2a) , (2b).

Due to their algebraic property as state transition operators, all the (m — 1) traceless non-diagonal
symmetric matrices 0¥ and all the (m — 1) traceless non-diagonal antisymmetric matrices 0¥, defined in
equation (2b) form a set of 2(m — 1) traceless non-diagonal symmetric and antisymmetric SU(N) symmetry
group generators \; = oy ., 0¥ within a focal state transition space specified by a focal state vector |m).

The algebraic property that the basic diagonal symmetric and antisymmetric matrices I, , 07, are the
respective state identity and eigenvalue operators within each of the (m — 1) two-state subspaces |n) , |m),
each leaving the state vectors unchanged or only changing the sign of a state vector according to equations
(2¢) , (2d), means that the basic matrices I, , o7, do not separately constitute the expected effective
diagonal symmetric and antisymmetric SU(NN) generators within a focal state transition space. The algebraic
property that each focal state transition space specified by a focal state |m) is composed of (m — 1) two-state
subspaces each specified by a state |n) , n =1,2,3,..., m — 1 coupled to the focal state |m) means that an
effective traceless diagonal antisymmetric SU(N) generator A,,_; is obtained as a normalized sum of the
basic traceless diagonal antisymmetric generators o7, from each of the (m — 1) two-state subspaces within
the focal state transition space according to the composition formula

2
A1 = 4| ——— E z : =23,...,N 2
P m(m —1) &= Om m=23 (2¢)

with a corresponding effective non-traceless diagonal symmetric SU(N) generator A,,_; obtained as a nor-
malized sum of the basic non-traceless diagonal symmetric generators I,,, according to the composition
formula

9 m—1
At = — SN L —2.3,...N 2
! m(m — 1) ; " 2f)

We characterize the non-traceless diagonal symmetric generators A,,_; determined through the formula in
equation (2f) as the symmetric counterparts of the standard traceless diagonal antisymmetric generators
A1 determined through the formula in equation (2e). As presented in equation (2h) below, the non-
traceless diagonal symmetric generators A,,_; provide the completeness relation in the N-state quantum
space of the SU(N) symmetry group.

In summary, there are 2(m — 1) + 1 = 2m — 1 traceless non-diagonal and diagonal symmetric and
antisymmetric SU(N) symmetry group generators \; = o, 0¥ and A,,_1, plus 1 non-traceless diagonal
symmetric generator A,,_; in each of the (N — 1) focal state transition spaces specified by a focal state
|m) , m = 2,3,4,..., N, adding up to a total of N? — 1 traceless non-diagonal and diagonal symmetric and
antisymmetric generators plus (N — 1) non-traceless diagonal symmetric generators of the SU(N) group.
The distribution of these generators among the (N — 1) focal state transition spaces specified by focal
state vectors |m), each containing 2m — 1 traceless non-diagonal and diagonal symmetric and antisymmetric
generators plus 1 non-traceless diagonal symmetric generator, constitutes an SU(N) generator-spectrum. In
this interpretation, a focal state transition space in an SU(N) generator-spectrum corresponds to an orbital
shell in an atomic energy-spectrum.

In specifying all the (N2 —1)+ (N —1) = (N +2)(N — 1) traceless and non-traceless generators in the full
SU(N) generator-spectrum, we consider it necessary to introduce a revised notation, denoting the N(N —1)



traceless non-diagonal symmetric and antisymmetric generators o, 0¥ obtained using equation (2b) by

the usual Gell-Mann symbols \;, j = 1,2,...., N(N —1) in an ascending order through the (IV — 1) focal state
transition spaces, the (N —1) traceless diagonal antisymmetric generators obtained as normalized sums of the
basic traceless diagonal antisymmetric generators o7, using equations (2a) , (2e) by the upper case symbols
Ar, k=1,2,..., N —1 and the (N — 1) non-traceless diagonal symmetric generators obtained as normalized
sums of the basic non-traceless diagonal generators I,,,, using equations (2a) , (2f) by the upper case symbols
Ak, k=1,2,...., N — 1. We observe that only the N(N — 1) + (N — 1) = N? — 1 traceless non-diagonal and
diagonal symmetric and antisymmetric generators A\; , Ay, j=1,2,..., N\IN-1), k=1,2,...., (N—-1)
are generally known to be the standard form of the full set of generators of an SU(IN) symmetry group [3-15].
The (N —1) non-traceless diagonal symmetric generators Ay, , k = 1,2,...., (N —1) emerged for the first time
in [1] and have been elaborated in a recent article [2] as the symmetric counterparts of the standard traceless
diagonal antisymmetric generators Ay , k = 1,2,.... , (IN — 1). It turns out that the non-traceless diagonal
symmetric generators A, , k=1,2,...., (N —1) complete the specification of the SU (V) generator-spectrum
by providing the completeness relation in the N-state quantum space of the SU(N) symmetry group.

All the N(N — 1) + N — 1 = N2 — 1 traceless non-diagonal and diagonal symmetric and antisymmetric
SU(N) generators A1 , Az, ..., Ay(v—1) , A1, Aa,...., Ay_1 obtained using equations (2a) , (2b) , (2¢) satisfy
the standard SU(N) generator normalization conditions (i, =1,2,.... N(N —1); k,l=1,2,....,(N — 1))

TrA; =0 5 TrAp =0 ; TrAA =26 ;3 TrAgA; =20 3 TrAjAr =0 (29)

while the (I — 1) non-traceless diagonal symmetric generators A, , k = 1,2,.... , (N — 1) in the SU(N)
generator-spectrum provide the completeness relation in the N-state quantum space of the SU(N) symmetry
group obtained in the form

N
1 _
> ,/im(m ~1)Ap_1=(N—-1)I ; I=N x N identity matrix (2h)
m=2

The set of equations (1a) , (1b) and (2a)-(2h) provide a complete specification and normalization properties
of an SU(N) generator-spectrum.
For completeness, we clarify the notation for the generators in an SU(N) generator spectrum. We start by

noting that a two-state subspace { |n) , |m) } is specified by a set of four basic matrices I, 0%, ., 0%, ., 0%,
satisfying an SU(2) algebra, represented in the form
{1n) s Im) } ={ Tnms 03> Oims 00 35 SU(2) (3a)

For brevity, we introduce an abbreviation FSTS-|m) to represent a focal state transition space specified by
a focal state vector |m). The (m — 1) two-state subspaces { |n) , /m) } ,n=1,2,...,m—1, m=2,3,...N
in an FSTS-|m) are specified as

FSTS —|m)y: {|1), my} , {12), m)} , ... , {Im=1), |m)} (3b)

In an SU(N) generator-spectrum, the 2m—1 traceless non-diagonal and diagonal symmetric and antisymmet-
ric generators, plus the 1 non-traceless diagonal symmetric generator determined from the (m — 1) two-state
subspaces { [n) , |m) } ,n=1,2,..,m—1, m =2,3,...,N in a focal state transition space specified by a
focal state vector |m) are determined and denoted according to the definitions

FSTS — |m)
{105 Im) } = (Tims 000501005 01m ) 5 Aan—1)(m=2)41 = Om 5 Am—1)(m-2)+2 = Ot
{12) 5 1m) } = (L2my 0505050, 03 ) 5 Am—1)(m—2)+3 = Tom » Am—1)(m—2)+4 = Top,

{Im=1), |m)}=( I(mfl)m7ag;mfl)m7Uz!m71)m>a'(szl)m )

)\m(mfl)fl = Ufmfl)m ’ Am(mfl) = O-é}m—l)m



2

Am-1 = m(m —1)

( O-fm + Ugm +o.t U(Zm—l)m )

— 2

Am—l = ( Ilm+12m++l(m—1)m ) (30)

m(m — 1)

2.1 General SU(N) generator-spectrum

The N-dimensional quantum state space of a general SU(IN) symmetry group generator-spectrum is specified
by
N>2: n=123..m—-1 ; m=234,..,N

1 0 0 8 0
0 1 0 0 0
0 0 1 0
1) = L [2) = ;13 = S D IN 1) = P IN) = (1a)
. _ . : .
0 0 0 0 1

An SU(N) generator-spectrum specified by N —1 focal state vectors |m) ,m = 2,3, ..., N is composed of N —1
focal state transition spaces FSTS-|m), the first specified by |2) denoted as FSTS-|2), the second specified
by |3) denoted as FSTS-|3), so on up to the last focal state transition space specified by |N) denoted as
FSTS-|N).

We apply the state vector tensor product relations in equations (2a) , (2b) and the formulae in equations
(2e) , (2f) using the unit state vectors defined in equation (1a’) to determine the complete generator-spectrum
for a general SU(N) (N > 2) symmetry group. Following the definitions elaborated in equation (3¢) above,
the generators are arranged within the N — 1 focal state transition spaces which constitute the full SU(N)
generator-spectrum. We use the abbreviation FSTS-|m) defined above for a focal state transition space
specified by focal state vector |m) in the generator-spectrum.

The N2—1 traceless non-diagonal and diagonal symmetric and antisymmetric generators Aq, ..., A N(N—1), A1, ..

in a general SU(N) generator-spectrum are obtained as

_ LT . _ Y

m=2: FSTS —|2) {)\1012 T Az =07y
A1:0'12

Az = 0i3 ) Ay =03

m=3 : FSTS —|3) A5 = 055 ; X6 = 035

Ay = % (0F5 + 033)

A(m—1)(m=2)+1 = Oim ; Aim—1)(m—2)42 = O
Am-1)(m-2)43 = O%m 3 A(m—1)(m-2)+4 = Ohp
FSTS —|m) { ...
Anm=1-1=0lp_1ym 5 Amm—1) = T 1ym
Apo1 = 7,1(%_1) nm:_l1 afbm




AN-DN-2)41 = OIN 5 Aw-n(v-2)42 = 1N
AN-1)(N-2)43 =03y 3 AN-1)(N-2)+4 = Oay
FSTS —|N) { . (4a)
AN(N-1)-1 = i 1)N ) >‘N(N—1) = C72“11\771)1\7
A1 = N(N i) Zn 1 UZN
The N — 1 non-traceless diagonal symmetric generators A1, ..., Ax_; are obtained as
_ 2 ml
m=2,34,..N : An_1= oy ;Inm
Z ,/ ~1)Ap_1=(N-1)I ; I=N x N identity matrix (4b)
m=2
As an illustration, the SU(2 =2: n=1,m = 2) generator-spectrum consists of 2 — 1 = 1 focal state

transition space specified by \2) containing a total of (2.2 —1) = 3 traceless generators ( A\; = 075, Ao = 05 )
, A1 = 0%,, plus 1 non-traceless generator A; = I15, while the SU(3) (N =3: n=1,2, m = 2,3) generator-
spectrum consists of 3 — 1 = 2 focal state transition spaces, the first specified by |2) contains (2.2 — 1) = 3
traceless generators ( A\; = 0¥, Ao = 0}y ) , Ay = 0%y, plus 1 non-traceless generator A; = I12, the second
specified by |3) contains (2.3 — 1) = 5 traceless generators ( A3 = 0{3,\s = 073 ), ( A\s = 033, 6 = 053 ) ,
Ay = /2/m(m — 1)( 0%3 + 033 ), plus 1 non-traceless generator Ay = \/2/m(m — 1)( I3 + I3 ), giving a
total of 8 traceless generators and 2 non-traceless generators. We note that, as determined explicitly in the
examples given below, the I 2,07y, 075,075 in the SU(2) generator-spectrum are 2 x 2 matrices, while the
L, 0%y, 0%y, 0%, in the SU(3) generator-spectrum are 3 X 3 matrices.

We now set N = 2,3,4,5,6,7 in equations (4a) , (4b) and substitute the respective unit state vectors
into the tensor product definitions in equations (2a) , (2b) to determine the explicit N x N matrix forms
of the generator-spectra of the SU(2) , SU(3) , SU(4) , SU(5) , SU(6) , SU(7) symmetry groups which
have commonly been used as algebraic frameworks for formulating models of gauge theories, including grand
unified theories, of elementary particle interactions [3-15] in quantum field theory. According to the general
form in equation (4a), the generators are arranged within the N — 1 focal state transition spaces FSTS-|m)
which constitute the complete generator-spectrum.

2.1.1 SU(2) generator-spectrum

The 22 — 1 = 3 traceless non-diagonal and diagonal symmetric and antisymmetric generators Ay, A2, A; in
the SU(2) generator-spectrum are obtained as

) )
m=2: FSTS —|2)

1 0
w0 4)
The 2 — 1 = 1 non-traceless diagonal symmetric generator A; is obtained as

_ 1 0 _
Al(o 1) S (50)



2.1.2 SU(3) generator-spectrum

1 0 0
N=3: n=1,2 ; m=2,3: =10 ; 2)=1[1 ; By=10
0 0 1

The 32 —1 = 8 traceless non-diagonal and diagonal symmetric and antisymmetric generators A, ..., Ag, A1, Ao
in the SU(3) generator-spectrum are obtained as

01 0 0 —7 0
AMM=11 0 0 ; =7 0 0
0 0O 0 0 O
m=2: FSTS —|2) 1 0 0
A= -1 0
0 0 O
0 0 1 0 0 —i
A=(10 00 ; M=10 0 O
1 0 0 i 0 0
0 00 0 0 O
m=3 : FSTS —|3) M=|0 0 1 ; =10 0 —3
01 0 0 2 O
1 0 0
Ab=L0 1 0
V3
\o o -2
(6a)
The 3 — 1 = 2 non-traceless diagonal symmetric generators A1, Ay are obtained as
B 1 00 1 (1 00 _ _
Ar=101 0 : Ab=—1]0 1 0 ; A +V3 A, =21 (6b)
0 0O V3 0 0 2

We observe that all the 8 generators in the SU(3) generator-spectrum determined here in equation (6a) are
exactly equal to the corresponding SU(3) generators in the original Gell-Man’s work, standard textbooks
[3-6] and the general literature on the quark model in quantum field theory.

2.1.3 SU(4) generator-spectrum

1 0 0 0
0 1 0 0
0 0 0 1

The 42—1 = 15 traceless non-diagonal and diagonal symmetric and antisymmetric generators Aq, ..., Adj2, A1, ..., A3
in the SU(4) generator-spectrum are obtained as

0100 0 —i 0 0

1000 i 0 0 0

M=10 00 0 o M=y 0 0 0

m=2 : FSTS—|2) 00001 N 0 0 0 0
0 -1 0 0
A1_0000
0 0 00




0010 00 —i 0
00 00 00 0 0
AB1000) ' A4(1'000
00 00 00 0 0
000 0 00 0 0
00 1 0 00 —i 0
m—3FSTS—|3> )\5— 0100) 3 )\G(OZ 0 0
00 00 00 0 0
1 0 0 0
1|01 0 0
=710 0 =2 0
00 0 0
00 0 1 00 0 —i
0000 000 0
M=10 0 0 0 ’Ag(oooo
1 000 i 00 0
0000 000 0
00 0 1 00 0 —i
=10 0 0 0 b Ae=19 00 o0
L B 0100 0 i 0 0
m=4 : FSTS — |4) 00 0 0 000 0
00 00 000 0
M=1090 0 1 ' M= g 0
0010 00 i 0
1 00 0
A1 [0 10 0
37V lo o1 0
000 -3
(Ta)
The 4 — 1 = 3 non-traceless diagonal symmetric generators Aj, ..., A3 are obtained as
1 000 1 000 1 000
- 01 00 — 1 |lo 100 — 1 |lo 100
A=1000 0 ’AQ_ﬁoozo ’A3_%0010
0000 0000 000 3
A+ V3 Ay + V6 Ay =31 (7b)

We observe that all the 15 generators in the SU(4) generator-spectrum determined here in equation (7a)
are exactly equal to the corresponding SU(4) generators obtained in [6 , 10 , 16] using an ad-hoc pattern
building procedure explained in those works.



2.1.4 SU(5) generator-spectrum
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in the SU(5) generator-spectrum are obtained as
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., A4 are obtained as

The 5 — 1 = 4 non-traceless diagonal symmetric generators Aq, ..

|

10 0 0 0
01 0 0O
0 0 00O
0 0 0 0O

|

100 00
0 0 0 0O
0 0 0 0O
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1.0 0 00

1 01 00O
Az3=—10 0 1 0 0
V6 0 00 3 0

0 00 0O

S o oo

A+ V3 Ay +V6 A3 +V10 Ay = 41

It emerges here that the incorrect forms of the two traceless diagonal antisymmetric generators L', L2
determined and used in [6-9 , 11, 12] and other related work in formulating the SU(5) Grand Unified Theory
have to be replaced with the correct traceless diagonal antisymmetric SU(5) generators Ag , A4, particularly
noting that in the 5-representation of fermions as defined in [6-9 , 11, 12], the charge operator @) determined

OO OO

OO = OO

o= O OO

- O O O O

(80)

there as a linear combination of the generators L'* and L'? in the form @ = 1 <L12 + \/%Lu) is completely

specified by the correct traceless diagonal antisymmetric generator Az obtained here in equation (8a) in the

= Q\/g/\:s

In general, the determination of the correct generator-spectrum achieved in the present and earlier work [2],
means that the identification of various types of elementary particle states, fermions or bosons, with the
SU(5) generators, together with the value of the weak-interaction angle (sometimes called Weinberg angle)

form
00
0 L1 o0
3
Aqu 0 0 1
2
0 0 0
0 0 0

parameter sin” Ay predicted within the S U(5) grand unified theory, may change radically.

2.1.5 SU(6) generator-spectrum

N=6: n=1,234,5
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The 62—1 = 35 traceless non-diagonal and diagonal symmetric and antisymmetric generators A1, ..., Asg, A1, ..., As
in the SU(6) generator-spectrum are obtained as
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., A5 are obtained as

5 non-traceless diagonal symmetric generators Aq, ..
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1 0

0 1

_ 1 0 0
As = —

5 Jvi5 |10 0

0 0

0 0

OO O+ OO

O = O OO

0

o o oo

0

GO OO OO

b

A+ V3 A +v6 A3+ V10 Ay + V15 Ay =51

(90)

Here again, we observe that the SU(6) grand unified theory formulated in [13] and related works must be
reviewed to take account of the correct SU(6) generator-spectrum determined here in equation (9a).

2.1.6 SU(7) generator-spectrum
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The 72 —1 = 48 traceless non-diagonal and diagonal symmetric and antisymmetric generators Ay, ..., Ao, Aq, ...
in the SU(7) generator-spectrum are obtained as
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The 7 — 1 = 6 non-traceless diagonal symmetric generators A1, ..., Ag are obtained as

1000000 1000000
0100000 0100000
B 0000000 oo 20000
A,=|0 000000 . Ay=—|000000 0
0000000 V3 o 00000 0
0000000 0000000
0000000 0000000
1000000 1000000
0100000 0100000
L loo 10000 L oot 0000
As=—10 00300 0 . Ay=——|0 001000
Velog 00000 0 V10l g 00040 0
0000000 0000000
0000000 0000000
1000000 1000000
0100000 0100000
B L loo10000 B L loo10000
As=——]0 0010 0 0 , s=——10 00100 0
VI5 1o 00010 0 V2L g 00 0 1 0 0
000005 0 0000010
0000000 000000 6

A+ V3 Ay + V6 Ay + V10 Ay + V15 A5 + V21 Ag = 61 (100)

The determination of SU(N) symmetry group generators as symmetric and antisymmetric tensor products of
orthonormal state vectors spanning two-state subspaces defined within focal state transition spaces specified
by focal state vectors in a general N-state quantum space gives both algebraic and physical structure to
the full set of generators taking a well defined form of group generator-spectrum. The focal state transition
spaces which contain specified numbers of group generators correspond to orbital shells in an atomic energy-
spectrum. Defining the rank r of an SU(IN) symmetry group as the number of focal state transition spaces
(r = N — 1) containing a specified number of generators in the group generator-spectrum, it is evident
in equations (4a)-(9b) that the generator-spectrum of a higher rank SU(N) group contains the generator-
spectrum of a lower rank group. The number of focal state transition spaces in group generator-spectrum
increases in unit steps as symmetry group advances progressively from SU(2) to SU(N > 2). It emerges
that all (N — 1) — 1 traceless non-diagonal and diagonal symmetric and antisymmetric generators, plus the
N — 2 non-traceless diagonal symmetric generators in the lower rank (r = N — 2) SU(N — 1) generator-
spectrum are contained in the corresponding set of N2 — 1 traceless non-diagonal and diagonal symmetric
and antisymmetric generators plus the N — 1 non-traceless diagonal symmetric generators in the higher rank
(r = N —1) SU(N) generator-spectrum, noting that in this case, each (N — 1) x (N — 1) generator in the
SU(N — 1) generator-spectrum is extended to a corresponding N x N generator in the SU(NN) generator-
spectrum by simply adding a column of entries 0 to the right and a row of entries 0 at the bottom as clearly
evident in the set of equations (5a)-(10b). In addition to the N — 2 focal state transition spaces containing a
total of (N—1)2—1 generators in the lower rank SU (N —1) sector, the SU(N) generator-spectrum is completed
by an additional focal state transition space FSTS-|N) containing 2N — 1 distinct traceless non-diagonal and
diagonal symmetric and antisymmetric generators, making a total of (N —1)2 — 1+ (2N —1) = N2 — 1 as
expected.

In general, it turns out that generators of an SU(N) symmetry group are well defined quantum operators
falling into a beautiful pattern composed of a system of N — 1 focal state transition spaces FSTS-|m) , m =
2,3,..., N, each containing a specified number (2m — 1) of generators. The generators are formed within
m — 1 two-state subspaces contained in each focal state transition space FSTS-|m) as explained earlier in
accordance with equations (3a)-(3c). The orderly arrangement of SU(N) generators in a pattern similar to
an orbital shell system in an atomic energy-spectrum then means that the two-state subspaces also form an
orderly pattern within the N-dimensional quantum state space of the SU(N) symmetry group, which we
present below.
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2.2 Distribution of two-state subspaces in SU(N) generator-spectrum

The N-dimensional SU(N) symmetry group quantum state space contains %N (N — 1) two-state subspaces
distributed among the N —1 focal state transition spaces FSTS-|m) each containing m —1 subspaces according

to the general SU(N) subspace-spectrum
m=2: FSTS —2); 1subspace: {{|1), |2) } =( L12,0%5,075,0% )

Nz, 013,073,073 )

m=3 : FSTS —|3) ; 2 subspaces : {
13) P { I53,053,053,053 )

114,014701470'1
m=4 : FSTS —|4) ; 3 subspaces : {] Iy4,0%,,0%,,0%

= (
=(
= (
= (
(134#73470347‘73
= (
= (
= (
= (

Iys, 0355, 055, 055
135,035,0357035
Iis, 085, 045, 055

)

)

)

Iis, 015, 015,05 )

m=>5 : FSTS —|5) ; 4 subspaces : {] ;
)

{n }=(hn,ofy, 00N 0iy )

{‘2>7 |N>}:(I2NvU§NVJ§N70§N)
3 = (I > z

FSTS —|N) ; N — 1 subspaces : { b= Lan, 05y, 03, 95w ) (11)

{ ‘N* 1> ) |N> }* ( I(N 1)N> (N_l)NaUEJN,l)N,O'(ZN_l)N )

This orderly distribution of the two-state subspaces among the N — 1 focal state transition spaces provides
better clarity on the specification of the quantum operators o7, , j = z,v, 2, which constitute the general
SU(N) generator-spectrum in equation (4a). From each two-state subspace, the non-diagonal operators
or.. , o¥ . are separately identified as the traceless non-diagonal symmetric and antisymmetric generators,

while the diagonal operator ¢7,, is identified as a component of the effective traceless diagonal antisymmetric
generator A,,_; determined using the composition formula in equation (2¢).

3 Algebraically closed SU(N) generator-spectrum : “Cartan” and
“conjugate-Cartan” generators

Having determined the SU(N) generator-spectrum in the general form in equations (4a) , (4b) and in explicit
forms in the examples evaluated in the set of equations (5a)-(10b), we now consider the algebraic properties of
the generators. We note that all the N2 —1 traceless non-diagonal and diagonal symmetric and antisymmetric
generators A1 , Ao, ..., A\n(v—1), A1, Ag,....;, Axy_1 and the N —1 non-traceless diagonal symmetric generators
obtained in the SU(N) generator-spectra for N > 2 satisfy the standard SU(N) generator normalization
conditions and completeness relation in equations (2¢) and (2h), respectively.

The N — 1 traceless diagonal antisymmetric generators A; , As,...., Ay_1 characterizing the N — 1 focal
state transition spaces in an SU(N) generator-spectrum mutually commute, satisfying commutation relations

(A, Ak]=0 (124)

which we identify as a Cartan subalgebra of the SU(NN) symmetry group in a group theoretic interpretation
where we identify each focal state transition space as a Cartan subspace. In this respect, we call the
commuting traceless diagonal antisymmetric generators Ax , kK = 1,2,.... N — 1 in an SU(N) generator-
spectrum the z-component “Cartan” generators, which we denote by C7 = Ay, for reasons clarified below.

By evaluating commutation brackets of various pairs of the generators Ay , Ao, ..., An(nv—1), A1, Ao, .., Ay 1
in an SU(N) generator-spectrum, we establish that all the N —1 focal state transition spaces are algebraically
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connected based on the property that commutation brackets of some pairs of generators in the higher level
spaces produce generators in the lower level spaces, where in the SU(N) generator-spectrum we consider
FSTS-|m) to be a higher level space compared to FSTS-|m — 1). For example, in the SU(3) generator-
spectrum in equation (6a), the algebraic connectedness of the higher level space FSTS-|3) to the lower level
space FSTS-|2) is characterized by the property that, among other cases, the commutation bracket of two
generators A3 , As in the higher level space FSTS-|3) produces the generator A2 in the lower level space
FSTS-|2) according to [A3 , As] = i\, with the three generators A3 , A5 , Ao satisfying a closed algebra,
noting [A2 , As] = iX5, [As , A2] = i)s. Algebraic connectedness of the N — 1 focal state transition spaces
is a general property of an SU(N) generator-spectrum.

A major problem arises on the general algebraic properties of SU(N) symmetry group generators. A
straightforward evaluation of the commutation brackets of the SU(3) generators obtained here in equation
(6a) and in the standard textbooks [3-6] does not provide a closed SU(3) algebra, since there is no commuta-
tion bracket of any pair of the generators A; , j = 1—6 in equation (6a) (or A; , j =1—7 in [3-6]) produces
the diagonal generator As in equation (6a) (or As in [3-6]). Contrary to the commonly stated results in [3-6]
and related literature, the commutation relations of the generator pairs {A\y , A5} , {A\¢ , A7} (standard
Gell-Mann notation used in [3-6]) separately yield

10 0 00 O
0 0 -1 0 0 -1
1 10 O
V3 0 0 -2

—~

Only the sum of the two commutation brackets in equation (12b) gives the results stated in [3-6] and related
literature according to

[>\4 5 /\5] + [>\6 5 )\7] = 22\/5)\8 (120)

The results in equations (12b) , (12¢) show that the corresponding commutation brackets presented in [3-
6] and related literature are not valid, thus revealing that the basic SU(3) generators given in [3-6] and
obtained here in equation (6a) do not provide a closed SU(3) algebra. In general, an SU(N) generator-
spectrum for N > 3 is not algebraically closed, since no commutation brackets of any pair of the basic
generators A1 , Ag,...,Anv—1) , A1, Ag,....; Ay_1 can produce any of the higher z-component Cartan
generators C7 = Ay, k=2,3,..., N — 1. Only the SU(2) generator-spectrum obtained here in equation (5a)
is algebraically closed.

We address the problem of determining algebraically closed SU(N) generator-spectrum by applying the
group theoretic interpretation to identify the N — 1 focal state transition spaces in the SU(N) generator-
spectrum as Cartan subspaces similarly specified by the N — 1 focal state vectors |m) , m =2,3,..., N. We
introduce a simple notation C-|m) for a Cartan subspace specified by a focal state vector |m) in an SU(N)

generator-spectrum. Each of the N — 1 Cartan subspaces C-|m) is characterized by “Cartan” generators
C7. | and their associated “conjugate-Cartan” generators C., , obtained as normalized sums of the basic

SU(N) generators o2, for j = x,y, z according to the composition formula in equation (2¢) which we now
generalize to determine the complete set of Cartan and “conjugate-Cartan” generators in the form

m—1 m—1
. / 2 . —j [ 2 .
_ . J — § J . — _ E _1\" 57
C |m> . Cmfl m(m _ 1) — Onm ’ Cmfl m(m _ 1) n:1( 1) Onm

m=23,...N ; j=x92 (12d)

We note that setting j = z in equation (12d) provides the composition formula C?,_; = A,,_; in equation
(2e), which we identify here as the z-component Cartan generator. We complete the characterization of the
Cartan subspace by introducing the “Cartan” identity generator I,,_1 and the associated “conjugate-Cartan”
identity generator I,,,_; obtained as normalized sums of the basic identity generators I,,,, according to the
composition formulae

m—1 m—1
2 = 2 n
C—|m) : In_i= =T ;Inm S ‘/m(T—U ;(—1) Lim (12¢)
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Here again, we note that I,,,_; in equation (12¢) equals A,,_1 in equation (2f).

Preliminary calculations confirm that the Cartan generators and their conjugates determined from equa-
tion (12d) using the SU(3) generator-spectrum in equation (6a) provide the desired SU(3) closed algebra.
Details of calculations of closed algebra of SU(N) (N > 3) symmetry groups based on the respective Cartan
and conjugate-Cartan generators will be presented in subsequent work.

4 Conclusion

We have identified SU(N) symmetry group generators as state transition and eigenvalue quantum operators
occurring in an orderly pattern within NV — 1 focal state transition spaces specified by focal state vectors |m)
(FSTS-|m)), m = 2,3, ..., N, each containing 2m — 1 generators, forming an SU(N) generator-spectrum in an
N-dimensional quantum state space similar to the orderly arrangement of orbital shells in an atomic energy-
spectrum. The SU(N) generator-spectrum is effectively derived from an orderly distribution of %N (N -1)
two-state subspaces among the N — 1 focal state transition spaces FSTS-|m) each containing m — 1 two-
state subspaces. While the N — 1 focal state transition spaces in the full SU(N) generator-spectrum are
algebraically connected, the generator-spectrum for any N > 3 SU(N) symmetry group is not algebraically
closed. Applying a group theoretic interpretation of focal state transition spaces in an SU(N) generator-
spectrum as Cartan subspaces, we have introduced Cartan and conjugate-Cartan generators to determine
the desired algebraically closed SU(N) generator-spectrum.

The orderly arrangement of SU(N) symmetry group generators within algebraically connected focal state
transition spaces constituting an SU(N) generator-spectrum in an algebraically closed structure similar to the
orderly arrangement of orbital shells in an atomic energy-spectrum may provide greater insights into various
models of SU(N) gauge theories, including grand unified theories, of elementary particle interactions [3-9 , 11-
15]. In particular, the determination of the correct sets of SU(N) generators provides an algebraic platform
for a thorough review or reformulation current models of SU(N) Grand Unified Theories of elementary
particle interactions, including the latest model of SU(5) Grand Unified Theory Without Proton Decay [7 ,
8].

As stated in the earlier article [2], we emphasize that the phenomenon of a focal state transition process
composed of a collection of (m — 1) transitions, equivalent to a stream of (single mode) electromagnetic
radiation from (m — 1) different sources, propagating into a common focal state |m) is an important physical
property which brings a focal state in an N-state quantum space into direct correspondence with a focal
point into which a stream of light rays from various sources converge in classical geometrical optics. The
focal state transition process, characterized by N — 1 focal states in an N-state quantum space, may find
important practical applications in optics.

5 Acknowledgement

I am thankful to my home institution, Maseno University, Kenya, for providing a conducive environment for
this research.

References

[1] J A Omolo 2014 Parametric Processes and Quantum States of Light, LAP Lambert Academic Publishing,
Berlin, Germany

[2] J A Omolo 2018 Determining SU(N) symmetry group generators, ResearchGate-Preprint, DOI: 10.13140
/ RG.2.2.17815.21920

[3] T P Cheng and L F Li 1989 Gauge theory of elementary particle physics, Oxford University Press, New
York , Oxford

[4] O Nachtmann 1990 Elementary Particle Physics, Springer-Verlag, Berlin Heidelberg
[5] C Ttzykson and J B Zuber 1980 Quantum Field Theory, McGRAW-HILL Inc., New York , Singapore
[6] M Kaku 1993 Quantum Field Theory, Oxford University Press, New York , Oxford

23



(7]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

B Fornal and B Grinstein 2017 SU(5) grand unified theory without proton decay, Phys. Rev. Lett. 119,
241801 ; arXiv: 1706.08535 [hep-ph]

B Fornal and B Grinstein 2018 Grand unified theory with a stable proton, Plenary Talk, Conference on
Particles and Cosmology, Singapore, March 05-09 ; arXiv: 1808.00953 [hep-ph]

N Canzano 2016 An overview of SU(5) grand unification, Lecture Notes (March 2016), University of
California, Santa Cruz

M A A Shaih, M KH Shrour, M S Hamada and H M Fayad 2013 Lie algebra and representation of
SU(4), EJTP, 10,9

M C Romao 2011 The SU(5) grand unification theory revisited, Dissertacao para a obtencao de Grau de
Mestre em, Engenharia Fisica Technologica, Instituto Superior Tecnico, Universidade Tecnica de Lisboa

S Wiesenfeldt 2008 Grand unified theories, Block Course of the International Graduate School, GRK
881, Sept.2008

A Hartanto and L T Handoko 2005 Grand unified theory based on the SU(6) symmetry, Phys. Rev. D
71, 095013 ; arXiv: 0504280 [hep-ph]

F L Stancu 1992 Group theory in subnuclear physics, Oxford Science Publications, Oxford
R Slansky 1981 Group theory for unified model building, Phys. Rept. 79, 1

V M Redkov, A A Bogush and N G Tokarevskaya 2008 On parametrization of the linear GL(4,C) and
unitary SU(4) groups in terms of Dirac matrices, SIGMA 4, 021

24


https://www.researchgate.net/publication/327884282

