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ABSTRACT

Summing multipliers is an important class of operators in the geometric theory of
general Banach spaces. They are particularly useful in the study of the structure of
the classical spaces. The work done by Grothendieck and Pietsch provides a good
basis for the study of this class of operators. The topic of this study is (p, q)-
summing multipliers. These are sequences of bounded linear operators mapping
weakly p-summable sequences into strongly g-summable sequences. This study is
concerned with using the concepts of absolute and p-summing multipliers to
characterize the space of all (p, q)-summing multipliers. In particular we show that
the space of all (p, q)-summing multipliers is complete. This is accomplished
through a detailed study of the concepts of the summing operators and absolute

and p-summing multipliers.
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CHAPTER 1

INTRODUCTION

Summing multipliers is an important class of operators in the geometric theory of
general Banach spaces. They are particularly useful in the study of the structure of
the classical spaces. The work done by Grothendieck and Pietsch provides a good
basis for the study of this class of operators.

In this study we present concepts and results that are used in our work in chapter
two. Some acquaintance with linear algebra and basic concepts of functional
analysis is assumed. In chapter three we present a discussion on summing
operators and summing multipliers. This chapter also contains our proposition on
the (p,q)-summing multipliers with a critical analysis of the same. Chapter four is

a summary outlining our contribution.

1.1 LITERATURE REVIEW

Up to the late 1960’s, the available knowledge in the area of vector lattices of
linear operators between Banach lattices was still fragmentary and incoherent.
This knowledge was therefore of little importance to the mainstream of operator
theory.

The roots of the theory of p-summing operators lie in the work undertaken by
Alexandre Grothendieck from the 1950s. However, it was only in 1967 that

Albrecht Pietsch clearly isolated this class of operators and established many of



their fundamental theorems. Actually the classes of 1-summing and 2-summing
operators were studied before in Grothendieck’s Resume [8]. Whereas he was in
possession of the 1-summing norm in the first case, the norm, which he attributed
to the 2-summing operators, is only equivalent to 2-summing norm. This came to
light through Pietsch’s Domination theorem. Indeed the depth of Pietsch’s
contribution comes in large part from his isolation of the simple finitary defining
inequality governing an operator’s inclusion in the class of p-summing operators
[12]. Within a year, Pietsch’s work gained recognition as was evident by the
appearance of seminal paper by Joram Lindenstrauss and Aleksander Pelczynski
[10].

Fourie [6] introduced the concept of absolutely summing multiplier of a Banach
space as follows. A sequence (u;) € B(X) is called an absolutely summing
multiplier of X if (uzx;) is absolutely summable in X whenever (x;) is weakly

absolutely summable in X; hence, in notation (ux)e [;(X) for all (xj)e 1'(x).

Aywa [1] has shown that if X is an infinite dimensional Banach space, then the

space of all absolutely summing multipliers on X, (X),is an l,-space.

1.2 STATEMENT OF THE PROBLEM
From the overview, it is clear that a lot of work has been done on summing
operators. Diestel, Jarchow and Tonge [3] have studied Absolutely Summing

Operators. Fourie and Aywa [7] have done work on Absolutely p-summing
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multipliers and their applications. In this study we look at many of the meaningful

generalizations of the concepts of p-summing multipliers and apply them to

characterize (p,q)-summing multipliers. In particular we attempt to show that the

space of all (p,q)-summing multipliers is complete.

1.3 OBJECTIVES OF THE STUDY
The purpose of this study is to accomplish the following:
(i)  Study the concepts of p-summing multipliers and apply these
generalizations to charécterize (p,q)-summing multipliers.
(1)  Investigate whether the space of all (p,q)-summing multipliers is a
Banach space under the operator norm of the (p,q)-summing multiplier

norm.

1.4 SIGNIFICANCE OF THE STUDY
It 1s hoped that with the accomplishment of the above objectives, more avenues
will be paved for other mathematicians to pursue further the study of (p,q)-

summing multipliers from where we would have stopped.



CHAPTER 2

BASIC CONCEPTS

In this chapter we present definitions and concepts that are used in our work in
chapter three. These concepts are found in most functional analysis texts, however
where a particular approach is preferred, the source is indicated. Concepts of
convergence of sequences including Cauchy sequences and convergence of
sequences in a Banach space are presented in section 2.1. In section 2.2 we give
examples of some of the sequence spaces that are used in our work. In section 2.3
we present the concepts of summability of sequences. The idea of the space of
bounded linear operators, which is shown to be Banach, is the content of section

2.4. The concept of the dual of /, spaces is presented in section 2.5.

2.1 CONVERGENCE OF SEQUENCES

2.1.1 Definition: Convergence of a sequence
A sequence (x,) in a normed space X is said to converge or to be convergent if

there is an x € X such that

lim”xn - x|| =0.

n—o

x is called the limit of (x,) and we write

limx, =x

n—>w0



2.1.2 Definition: Cauchy sequence
A sequence (x,) in a normed space X is said to be Cauchy (or fundamental) if for

every £> 0, there is an N=N (¢ such that

x,—x,| < e for every m, n >N

The space X is said to be complete if every Cauchy sequence in X converges in X.

A complete normed space is called a Banach space.

Consider any normed space X and define a metric on it by d (x, y) = |x - y| for all

X, ye X. We shall denote the norm topology of X by T (X) which is to say that

T (X) is a class of all open sets of X as given by the metric d i.e. G T (X) implies

that for all a € G there exists an » > 0 such that
S(a r)={xeX:d(a x) <r} cG.
We say that a sequence (x,) in a normed space X is strongly convergent to an

element x if and only if x, — x as n — «in the normed topology T (X). That is to

say that

lim|x, —x||= 0

n—>90

This is the convergence defined above (definition 2.1.1) and in this case we say

that x is a strong limit of the sequence (x,). Strong convergence can also be written

§

as x, >x asn — @



2.1.3 Definition
Let X be a normed space. Then the set of all bounded linear functionals on X

constitutes a normed space with the norm defined by

x| =su Ix*(x»xe xi}
" ﬂ p{ il X,x#0

”x*” = sup {x*(xj xe X,

=1

which is called the dual space of X and is denoted by X,

For a given normed space X, we introduce a new topology called weak topology

on X determined by X . For any a € X and functionals x,x,,...x € X~

and £> 0, define the following subset of .X;

U(a,x1 ,xz,...,xn,5)= {x e X :sup

1<k<n

x; (x s a] <5 8} .
Note that a U (a,x; ,x;,...,x;,g) so that in some sense U is a neighbourhood of a.

We refer to U as a weak neighbourhood of a.
Let G be a nonempty subset of X. Then we say that G is weakly open if and only if

for every a € G, there exist x;,x,,...,x, € X' and &> 0 such that
U(a,xf,x;,...,x:,g) cG.
By o (X, X') we denote the class of all weakly open sets together with the empty

set. Then o (X, X) is a topology on X and we call it the weak topology on X
determined by X". Weak convergence is defined in terms of linear functionals on X

as follows.



2.1.4 Definition: Weak convergence
A sequence (x,) in a normed space X is said to be weakly convergent if there is an

x & X such that for every x € X,

limx'(x,) = x"(x).

n—>w0

This is written

w

X, X,

The element x is called the weak limit of (x,) and we say that (x,) converges

weakly to x.

ES
Weak convergence means convergence of the sequence of numbers a, = x (x,) for
* ES
everyx € X .

2.1.5 Definition
A directed set A4 is a partially ordered set having the property that for every pair ¢,

and £ in A there exists ye A4 such that y >« and y=> /. A net is a function @ — 4,
on a directed set. If the A, all lie in a topological space X, then the net is said to
converge to A in X if for each neighbourhood U of A there exists ay in A such that
Ay 1s in U for a 2 ay. Two topologies on a space X coincide if they have the same

convergent nets.

2.1.6 Definition
A net {fa}as , In a Banach space X is said to be a Cauchy net if for every ¢ > 0,

there exists a, in A such that a,;, a, > a, implies that " o, = I, " &,



 implies " =t ﬂ <1. Also choose {e, ;_

The sequence { 1

- 2.1.7 Proposition
- In a Banach space each Cauchy net is convergent.

1 Proof
- Let {f,}._, be a Cauchy net in the Banach space .X. Choose a, such that a > a,

in 4 and «,,, 2 @, such that a>«,,,

1 n+l —

'v implies

1
< —_—,
n+1

fa—fa’nn

}:ﬂ is clearly Cauchy and, since X'is complete, there exists fin X

a,

 such that lim, . f, =f.

~ Itis clear that lim,_, f, = f since given &€ >0, we can choose # such that 1/n <g/2

and

L., —f"<%. Then for a > &, we have

I1f. = AI=fe = £+ 1o - Al < Vit A < 2.

. 2.1.8 Definition

Let {f,},., be a set of vectors in the Banach space X.and let ¥ ={Fc A: F finite}.

If we define F; <F, for F,c F,, then F is a directed set. For each F in F let

 ge=Y. _f.. Ifthenet {g.},., converges to some g in X., then the sum Y. _ f,

- is said to converge and we write g=Y _ f,



2.1.9 Proposition
If {f.}.., is a set of vectors in the Banach space X. such that zaeAH 1| converges

inR, then ) _ f, convergesin X

Proof
It suffices to show, in the notation of definition 2.1.8, that the net {g,},.. is

Cauchy. Since ZaeA“ /.| converges, for & > 0, there exists F, in ¥ such that F> F
implies

<€E.

aeF

NIARSHIA

Thus for F), F, 2 F, we have

o DDA

e f oer,

“gF, ~ &F,

b2 4

e F\F, aef)\F

< 2 a0+ 204]

aef\F, aef,y\F

s 2Ial- 2l <e

aefUF, oeF,

Therefore, {g, ... is Cauchy and Zae J. converges by definition 2.1.8.



2.2 SEQUENCE SPACES

2.2.1 Sequence space [,
This is the set of all bounded sequences of complex numbers; that is, every

element of /,is a complex sequence
x=(x;, x..) briefly x = (x;)

such that for all j=/, 2, ..., we have

where c, is a real number, which may depend on x, but does not depend on ;. This

space is a Banach space i.e. complete normed space[9] with the norm defined by
ol = supl | <=
JeN

2.2.2 Sequence space ¢
The space c consists of all convergent sequences x = (x;) of complex numbers with

the norm induced from the space /,, Where the limit is zero, we denote the space
by ¢y and call it the null convergent sequence space. This space being a closed
subspace of the complete normed space /,,, is also complete.

2.2.3 Sequence space /,
Let p>I be a fixed real number. By definition each element in the space /, is a

sequence x=(x;)=(X;, X,,....) of numbers such that
0 p
lejl <o (p 21, fixed)
j=1

and the norm is defined by

10



» %
e (z |xj|")

Jj=1

This sequence space is also a complete normed space[9]. In the case p = 2, we
have the famous Hilbert sequence space which is also a complete normed space
under the norm defined by

) %
I - (z M

J=1

The above norm certainly satisfies the parallelogram equality as seen below

% [es]
lxj+y,|2J St =3 |+
j=1

e + o], = (z

1

“ d -
b=l = (S ) = ol = S -

J=1

e+ o0+ e =l = 2 s+ y,| 2 - v|
j= j=

11




2.3 ABSOLUTE SUMMABILITY

<o and is

A sequence (x,) in a normed space is absolutely summable if Z £

unconditionally summable if Zxa(n) converges, regardless of the permutation ¢ of

the indices. It is conventional to say that the series an is absolutely convergent

n

if the sequence (x,) is absolutely summable. Similarly the series an is

n

unconditionally convergent if the sequence (x,) is unconditionally summable.

2.3.1 Theorem

A sequence (x,) in a Banach space is unconditionally summable if and only if it is sign
summable, that is, 2,&x, converges for all signs &=21.

The proof of this theorem is found in [3].

2.3.2 Vector Valued Sequences
Now we introduce the concept of vector valued sequences. We shall work with the

index /<p < o and a Banach space X. The vector sequence (x,) in X is strongly p-
summable (alternatively, a strong [,-sequence) if the corresponding scalar

sequence Q ) is in /,. We denote by

xl’l
(%)
the set of all such sequences in X. This is a vector space under pointwise

operations, and a natural norm is given by

J%;
p

xn

e, ==

12



I, (X) is a Banach space [3]. Strong p-summability makes reference to the strong
(or norm) topology on X.

The vector sequence (x,) in X is weakly p-summable (alternatively, a weak /,-

sequence) if the scalar sequences (<x*,xn>) are in [, for every x eX’. We denote by
1, (X)

the set of all such sequences in X. This is also a vector space under pointwise

operations.

2.3.3 Lemma

X

n

(), = sup{(%jl(x*,x,,)prp X" e BX,}.

is a norm on l;”(X).

2.3.4 Theorem
I;V(X ) is a complete normed space.

Proof
We begin by showing that it is a normed space. For any x, y € [/ (X) and any scalar

{[z|x . ]%}zo

N2. Let [+ = 0 then (5, )], = sup {[ﬂ X%,

a we have that

NL [ =

%
)
= '<x*,xn>l =0 forallx € By, V¥ n

13



= (x',x,) =0 forall x"€ By, ¥ n
=>x=0
Letx = 0. Then (x‘,xn> =0 forall x € By, ¥ n and clearly x| =0

Al =0 ex=0

N3. x|, = oG, Y, = o, Y, = sup {(;Kf’w@] J [

X

(;|a(x~,xn>|"]%}
(2ot | |

=|a1;3§.{[§|<xixn>lpr}

w
=lerll<l
p

.
X'L

= sup 1
x eB

= sup 1

x €B
x

N
N4. |x+ ] =)+ G N, =G+ 2, = sup {(ZKx*,xn +y,,)| ] }

. sup {[;Kx',xn)+(x*,y,,)|pr}

7 VAR
+[Z| <x*,y,, >l J } by Minkowski inequality

< suw { §|<x3xn>|pJ

14



< sup {[Z’x 3

xeB.

= Il + 1 -

ext we show that /) (X) is complete.

*) _ (x(k)

n

ake a Cauchy sequence x ), in 2*(X). Thus given &> 0, there is a natural
umber N such that for k, » >N we have

x:(zk) o x'('r)

pA
P LU
] X eBX. <&

< &P (D)

: = sup {(Z |<x‘,x’("‘) - x'(,r)>

> Sfrd) (e

* *
for each x €By+. Thus for each x By« and every n, we have

Kx*,x,(,k)> = <x',xf,’)> <&

,,'s tells us that the sequence (<x',x,(,")>) is Cauchy in C, and so fixing # and letting

k — o the sequence (<x x(k)>) converges to ((x*,xn» for every x* eBys. Thus we

have x = (x,) as the weak limit of (x™),. We are then to show that x ely (X).

, etting » — oo and for £ >N the inequality (1) implies

*
<égr for every x &Byx.

15




% Y
[ZKx*,xn —x,(,")> pJ < ¢ for every x By

n=1

_u implies that x — x® belong to 1"(X). Given (x("))n el’(X) then

n

= 9 —(x¥ —x)e 17, implying that x belongs to *(X) with ||x—x(k)||: <& for

p?

k2N. Since &> 0was arbitrary, (x("))n converges to x = (x,) in the norm ||||: Thus

n

;(X ) is a Banach space. =

For p ==, if (x,) is a bounded sequence in the Banach space X, then
*
(v x|

m other words the spaces /, (X ) and [, (X ) are identical and "(xn ]lw = ||(xn )l:

sup|x,||= sup sup
n X EBX* n

‘enceforth we shall refer to them simply as
I (X)

“duse ”(xn ]lw for the norm.

‘ffe write

cg' (X)

e the closed subspace of [, (X ) consisting of all sequences (x,) in X with
lim, <x*,xn>= 0 for all x"eX". This in turn has as a closed subspace the

collection

16




co(X)
of all sequences (x,) in X with lim,_, ||xn ” =0. The members of c{ (X) and

Cy (X ) are called respectively the weak null sequences and the strong null

sequences in the Banach space X.

In the following theorem we see that when /<p < «, we have /) (X) =1, X if

and only if X is finite dimensional.

2.3.5 Weak Dvoretzky-Rogers Theorem
Let 1<p < . Every infinite dimensional Banach space X contains a weakly

p-summable sequence, which fails to be strongly p-summable.

Proof
If not, idy would be p-summing. But idy = (idy)’, so idy would be compact, which

is only possible if X is finite dimensional.

Thus /, (X) is a vector (linear) subspace of (X) with the inclusion being strict
unless X is finite dimensional. We also have natural isometric isomorphism
l;,”(X) =B, X) (I<p <o) and IIW(X) = B (cy, X) by associating to each
operator u the sequence (x;) < X given by the image of the canonical basis

x; = u (e;). In this sense, the space K (c;, X) of compact operators corresponds with

the sequence (x;) such that the series Zx ; converges unconditionally.

17



2.4 NORMED SPACE OF OPERATORS

2.4.1 Definition: Bounded linear operator

Let X and Y be normed spaces and u: D(u) — Y a linear operator, where

D) c X. The operator u is said to be bounded if there is a real number c such

that for all x € D(u),

o] < .

()

In (2) the norm on the left is that on Y, and the norm on the right is that on X. This

formula shows that a bounded linear operator maps bounded sets in D(u) onto

bounded sets in Y.

From (2) we have

b

R

(x0)

and this shows that the least ¢ for which the above inequality holds is the

supremum of the expression on the left taken over D(u) - {0}. This quantity is

denoted by |u/; thus

“u” = sup{M 1X € D(u),x # 0} :

[~

|| is called the norm of the operator u.

2.4.2 Theorem
An alternative formula for“u” is

“u” = supﬂlux" ‘X € D(u),

18

x”:l}.

3)



Proof

H

We write x| = a and set y = (ljx , where x # 0. Then |y|="" =1, and since u is
a a

linear, (3) gives

= sop{ L x Do) 0]

- enff(2s

= supfw]: y € D) ] =1}

re Dl o}

Writing x for y in the last expression we have

-1

Hu” = sup{“ux[[ iX € D(u), ¥

Given any two normed spaces X and Y (both real or complex), we consider the set
B(X )
consisting of all bounded linear operators from X into Y, that is, each such

operator is defined on all of X and its range lies in ¥. From the proof that |u|

satisfies the four axioms of a norm, it follows that B (X, ¥) is a normed space

which we state in the following theorem.

2.4.3 Theorem
The vector space B (X, Y) of all bounded linear operators from a normed space X

into a normed space Y is itself a normed space with norm defined by

nu“ = sup{|—|ﬁ—31|—| 1X € D(u),x # O}

19



= sup{"ux" FE D(u),"x" = 1}.

Proof
For any u, ve B (X, Y) and a.e R, we have that

N1. | = supﬂ]wc" :x e D(u)|x = 1} >0

N2. Let |ju| =0, then sup{”ux" : =1}=0 for all x 0

= |ux| = 0 for all x #0
=u =1
Let u = 0. Then clearly |u| =0
“|u) =0 if and only if u = 0.

=1j

N3. ||cw|| = supm x|| x e D(u

= sup{uaux" :x e D) =1
= |a| supﬂlux" ixe D(it), ||x|| = 1}

=a ]

=1

- supmux + vx|| :x € D(u)u D(v),"x" - 1}

N4. ||u + v|| = sup{“(u + v)x|| :x € D(u)u D()||x

< supﬂlux" x e D(u ||x|| }+sup{]|vx|| X e D(v),"x" = 1}

=[]

20



‘The following theorem shows us the condition under which the space B (X, Y)
‘becomes a Banach space. It is worth noting that the condition does not involve X;

f,that 1s X may or may not be complete.

2.4.3 Theorem: Completeness of B (X, Y)
IfYis a Banach space then B (X, Y) is a Banach space.

- Proof
]‘We consider an arbitrary Cauchy sequence (u,) in B (X, Y) and show that (u,)

- converges to an operator u € B (X, Y). Since (u,) is Cauchy, for every &> 0 there is

f an N such that

u, —um" <& (m, n >N).

For all x e X and m, n > N we thus obtain

0 =1, = |, =10, ] < s, =, ] < ] “)

~ Now for any fixed x and £ we may choose ¢ = & so that ¢,

X

| <. Then from (4)
' we have |, ~u,x| < Z and see that (u,x) is Cauchy in Y. Since Y is complete,
(u,x) converges, say, u,x — y. Clearly, the limit y e Y depends on the choice of
.. xe X. This defines an operator u: X — Y, where y = ux. The operator u is linear
- since

limu, (cx + f&) = lim (ou,x + fu,z) = adim u,x + flim u,z.

- We prove that u is bounded and u,, — u, that is

u,,—u”—)O.

2]



-

Since (4) holds for every m > N and u,x — ux, we may let m — oo Using the

continuity of the norm, we thus obtain from (4) for every n > N and all x e X

u,x — lim umx” = lim”unx - umx” < £”x” : (%)

m-—>w

u,x —ux|| =

This shows that (u, - u) with n > N is a bounded linear operator. Since u, is
bounded, # = u, - (u, - u) is bounded, that is u € B (X, Y). Furthermore, if in (5) we

take the supremum over all x of norm 1, we obtain

e, —u| < & (n > N)
Hence

||un - u|| — 0. O
2.5 THE DUAL OF [, SPACES

Since a linear functional on X maps X into R or C (the scalar field of X), and since
R or C taken with the usual metric is complete, we see that X "is B (X, Y) with the
complete space ¥ = R or C. Thus the dual space X of a normed space X is a
Banach space (whether or not X is). Below are examples of some of the spaces that

appear in our work and how their dual spaces look like. We recall that an
isomorphism of a normed space X onto a normed space X is a bijective linear
operator u: X — X , which preserves the norm, that is, for all x €X,

] = I

22



X then is called isomorphic with X and from an abstract point of view, X and X
are identical, that is, they differ at most by the nature of their points but are similar

as far as their structure (in this case, the norm) is concerned.

1. Space I;: The dual of 1, is 1,

Proof
A Schauder basis for /; is (ey), where e, = () has 1 in the K" place and zeros

otherwise. Then every x € /; has a unique representation

o0
X = Zxkek .
k=1

We consider any x e (1;)", where (I 1)* is the usual dual space of /;. Since x s

linear and bounded,
x*(x)= Zwk : Yk =X*(ek) (6)
k=1

where the numbers y, = x(e,) are uniquely determined by x". Also |, =1 and

*

X

*

X

ek” -

x*(ek)' =

7l = = suply,| < < (7)

Hence (%) € [ »
On the other hand, for every b = (4,) € [, we can obtain a corresponding bounded

linear functional y* on /;. In fact, we may define y* on /; by
ACIEDIENA
k=1

where x = (x;) € [,. Then y is linear and boundedness follows from

23



|y () = ‘Zxkﬂk

< Xlxsi] < supl [l = [efsupl 5

Hence y" e(1,)".

We finally show that the norm of x” is the norm on the space /. From (6) we have

x'(x) = ’Zm

< suply, [ ] = [rfsuplp|.

Taking supremum over all x of norm 1, we see that

= su |
From this and (7)
= s

where

0 ?

which is the norm on /.. Hence this formula can be written “xu - [Ic

¢ = (%) € L It shows that the bijective linear mapping of /| onto /,, defined by
X e=(y j) is an isomorphism.
U

2. Space l,: The dual space of I, is l,; here 1< p < coand q is the conjugate of p,

that is l+l:1.
P g

Proof
A Schauder basis of /, is (ey), where e, = (J) as in the above example. Every x &/,

has a unique representation,
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. * * o . LN .
We consider any x" e/, where [ is the dual space of /,. Since x  is linear and

bounded,
X*(x) = Zxk}/k e = X*(ek) (8).
k=1

Let g be the conjugate of p and consider x, = (x,(c")) with

q
d
% ifk <nand y =0
k
) = 9)
0 ifk>nor =20

By substituting this into (8) we obtain
x'(x,)= Zx/(cn)Vk =2 Inl"-
k=1 k=1
We also have, using (9) and (¢ - 1) p =¢q

Kz

x(x,)< ||x*| x,g")

]%
y4
'xn

_ ||x*”(2|yk|("“"’]yp

(St

Together
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)= Sl <k znl

Dividing by the last factor and using 1- LI , we get
p 9

i

n - n
Swr) 7 =(wr) <kl
k=1 k=1

Since 7 is arbitrary, letting n—o0, we obtain

(ZF%V}% <[] (10).

Hence (y) €1,.
Conversely, for any b = ()& [, we can get a corresponding bounded linear

functional y~ on l,. In fact, we may define y“on [, by setting
J’* (x) = Zxkﬂk
k=1

where x = (x;) € [,. Then 3" is linear and boundedness follows from

o Ja
‘y*(x)‘ & ‘Zxkﬂk - (Z|xkipj [Z]ﬂk'q] Holder’s inequality

-k(zir)

Hence y e .

We finally prove that the norm of x* is the norm on the space l,. From (8) and

Holder inequality we have
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<[zt ) [t ) =Wz

hence by taking supremum over all x of norm 1 we obtain

" (=) = ’Z X7

SEbAE

From this and (10) we see that the equality sign must hold, that is,

) i
1=z )

This can be written |x| = ”c”q , where ¢ = () €1, and % =x" (e;). The mapping of /,
onto /, defined by x™ - cfx|| = ||c"q is linear and bijective and from (11) we see that

it is norm preserving, so that it is an isomorphism.

27



CHAPTER 3

DISCUSSION AND RESULTS

This chapter contains two sections, the first, section 3.1, is a presentation of the concept
of summing operators from which the concept of summing multipliers was abstracted. In
section 3.2 we present the concepts of absolutely and p-summing multipliers. Using the
definition of (p,q)-summing multipliers and the ideas developed from the concepts of
summing operators and absolutely and p-summing multipliers, we show that the space of

all (p,q)-summing multipliers is a Banach space.

3.1 SUMMING OPERATORS

3.1.1 Definition: Absolutely summing operator
Let X and Y be Banach spaces. An operator u eB (X,Y) is absolutely summing if for every

unconditionally convergent series Y X y in X, it holds that ) ux, is absolutely convergent
inY.

As was stated earlier, the root of the study of this class of operators is traced to the work
undertaken by Grothendieck. His theorem is a consequence of a matrix inequality called

Grothendieck’s inequality.

3.1.2 Grothendieck’s Inequality
There is a universal constant kg for which, given any Hilbert space H, any

ne N, any n X n scalar matrix (ay) and any vectors x,, ..., Xy, ¥1,...Y in By, we have

28



The possible kg-currently unknown-is generally called Grothendieck’s constant; it
depends on the chosen scalar field. The above inequality is called Grothendieck’s
inequality.

3.1.2 Grothendieck’s Theorem [3]

Every continuous linear operator u: [;— 1, is absolutely summing.

Proof
We assume that |u| </ and restrict ourselves to real scalars. Let (x,) be an unconditionally

summable sequence in [, then 2, &x, converges for any sequence of signs &, and we

have

=M.

26,
n

*
< sup I<x ,xn>
n

x €By

where v is the operator from /=1 to [; i.e. v: [,—> ;.

We need to show that ) |lux,| <. First we reduce to finite dimensions so that we can
n 2

apply Grothendieck’s inequality.

Let me N and o > 0 be given. Choose n > m, and vectors y,,...,y,, in I C [; so that

e = | < %; for I <'i <in. If n happens to be strictly greater than m, set y,,.;=...=y,=0

as well. For each i, write y; = Z aye; for the expansion of y; with respect to the unit
j=1

coordinate vectors in /. This gives us a matrix a =(ay for use in Grothendieck’s

inequality.
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Assuming absolute summability in /, we have

Sl - 3

i=1

n
Z Qghic;
2

J=1

= Zay’ (Zi|”ej)
LJ
for appropriate z,,...,z,& B, . This is well suited for insertion into the left hand side of

Grothendiek’s inequality.

Now going to unconditional summability in /; which is interpreted as sign summability,

we have that given g, ..., 5=71,

=2

1 J

n
lzgfyi
i=1 A

n n
= Z%Ef £}
j=1\i=1

= max{

This 1s well suited for insertion into the right hand side of Grothendieck’s inequality.

2.4
i

Iyt

Z%‘gt‘?i vy = “—Ll}'

Thus in terms of x;’s

Sl < Zhorl, +0 <0 o |+
Skg‘maX{Zaﬁé}gj L6, E; =i—1}+§
i

hRAZ

i<n

=k - ||a||+é' ki max{

.,:i%+§
1

S|

i<n

<k;- max{

<kg | +U+k;) -6
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Letting 0 — 0, we get

Z &

<

S| <kl

for any choice of (x;) in /;.

O
This formulation of Grothendieck’s theorem and the meaning of k; were given by
Pietsch and Lindenstrauss and Pelczynski, by changing from the original tensor norms
context to the Pietsch’s operator ideals setting. This particular proof of the

Grothendieck’s theorem is taken from [8].

3.1.4 Definition: p-summing Operator
Suppose that 1<p < « and that u: X — Y is a linear operator between Banach spaces.

We say that u is p-summing if there is a constant c2 0 such that regardless of the natural

number n and regardless of the choice of x,...,x, in X we have

J :x €B,. (1)

@”ux,.n”]/” . sup{(§]<x*,xj>

The least ¢ for which the inequality (1) holds is denoted by

75 (11):
We shall write

[, XY
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for the set of all p-summing operators from X to Y. [I, (X, ¥) is a linear subspace of
B (X Y), the space of all bounded linear operators from X into Y, and that 7z, (1) defines a
norm on [ ], (X, ¥) with

] <7 (9

for all u[1, (X, Y). It has been shown [3] that [ ], (X, Y) is a Banach space.

3.1.5 Theorem
I, (X, Y) is a Banach space under the normrz,.

Proof
Let (u,) be a 7z,-Cauchy sequence in IT, (X, ¥). Since || < z,(), (u,) is Cauchy in B (X, ¥)

and so converges to some ue B (X, Y) in the uniform norm. u gives rise to the operator
a:0(X) - l;“(Y):(xk)H (ux,). For each n, a, :l;f(X)—» lp(Y): (x,) (u,x,) is well
defined, and this implies that (zin) is a Cauchy sequence in (I}”,“(X ),IP(Y )) This is a

Banach space since lp(Y ) is complete, and so (&,) converges. Its limit is a map with

values in /7(¥) and so must be #. Thus u is p-summing and lim/zp(u—un)= 0. Hence

n—>0

IT, (X, Y) is complete. O

3.1.6 Definition: (p, q)-summing operators
Given 1<p <q < o, the space [1,, (X, Y) of (p,q)-summing operators is formed by those

operators that map sequences in I;V(X ) into sequences in I, (Y). In other words if there

exists a constant ¢ such that
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”(ux J Jqu (r) = c“(xf 1‘1; (x)

Jor any finite family of vectors x; in X.

The least of such c is the (p, q)-summing norm of . It is denoted 7, ; (u).

Note: (p, p)-summing is just the same as p-summing.

3.2 SUMMING MULTIPLIERS
Let X and Y be two real or complex Banach spaces and E (X) and F (Y) be two Banach

spaces whose elements are defined by sequences of vectors in X and Y.

3.2.1 Definition: Multiplier sequence
A sequence of operators () € B (X)Y) is called a multiplier sequence from E (X) to F (Y)

if there exists a constant ¢> 0 such that
(”jxj);ﬂ =€ (x]. );=1

for all finite families x,, ...,x, in X.

F(Y) E(X)

Notes:
(1) The set of all multiplier sequences is denoted by (E (X), F (Y)). In this study, we

consider the case of classical sequence spaces E (X) = l;”(x) and F (Y) =1, ().

(2)If ue IL,, (X, Y) then the constant sequence u; = u for all j& IV, belonging to

(2 (x).1, ().
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(3) If we set u; = u; then (u) & (17(X),1,(Y)) for all (4,)e, where L+ =1 if and

onlyif uell,, (X Y).

These facts suggest the use of notation In,, (X,Y) when considering the sequence (1) in
(l;“(X),lq(Y)) and I, (X,Y) forp =gq.

3.2.2 Definition: Absolutely summing multiplier

A sequence (uy) € B (X) is called absolutely summing multiplier of X if (ux;) is absolutely
summable in X whenever (x;) is weakly absolutely summable in X; hence (ux;) € [; (X) for
all (x) € I'(X).

The space of all absolutely summing multipliers of X is denoted by /, (X). It is a vector

subspace of /,, (B(X)). The space /; (X) is a complete normed space with respect to the

operator norm

“(uj ]11,1 = supm(ujxj)’ H(x;) € 1"(X),|(x; )H = 1}.

As we saw in chapter 2, [*(X)=1(X) if and only if X has finite dimension, so that
In,(X) =l (B (X)).
Using the Dvoretzky-Rogers theorem, it is proved in [7] that for any infinite dimensional

Banach space X we have

l1(_:lnl(X)§lz
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3.2.3 Theorem: Dvoretzky-Roger theorem
Let X be an infinite dimensional Banach space. Then no matter how we choose (4,) € I,

there is always an unconditional summable sequence (x,) in X with ||x,||=|4,| for all n.

The proof of this theorem uses the following lemma

3.2.4 Lemma
Let X be a 2n-dimentional Banach space. There exists n vectors xj,...,x, € By, each of

norm 2 Y, such that regardless of the scalars Ay, ..., A, we have

g(zf/z,rf

Jj<n

Z A,

j<n

The proof of this lemma is found in [3].

Proof of the Dvoretzky-Rogers Theorem.
Fix (4,) €[, and choose positive integers n; < n, <..., such that, for each ke N,

P gk

2

nzn;

ﬂn

Since X is infinite dimensional, we apply the above lemma and find a sequence of vectors

(v,) in By, each of norm > %, such that for every scalar sequence (o) and any &k we have

<
n=ny

N
> a,y,

n=n;

2 la,

Ay,
no matter how we select ny <N <'n.;. We set x; = ﬁ and note that regardless of the
Y

sign g,=71 and regardless of n; <N <n;., we have
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2’"

2\
-k+
_2] <o,

Vn

N
2 6%,

n=n;

n=n;

It follows that the partial sums of (&,x,) are Cauchy. Hence (x,) is sign summable, and so

unconditionally summable. The setting of x; above ensures that ||x,| =|4,| for all n.

U
3.2.5 Theorem
Let X be an infinite dimensional Banach space, then
e, (X)ch.
Proof
Let (a,) € I;. Since each (x,) e *(X) is norm bounded in X, it follows that > |, x,| <.
n=1

Hence (a,) € /; (X).

Conversely, let (a,)e; (X). For (f) e I, there is by the Dvoretzky-Rogers theorem a

sequence (x,)e*(X) such that ’,Bjyznxj” for i=1,2,.... Then (ax)e [;(X). Hence it
follows that i|ai S| < . Since () € I, was arbitrary, then (@)e(,) =1,
i=1

=<y (X) <l
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3.2.6 Definition: p-summing multiplier
Let I< p < . A sequence (u;): X—Y of operators is called a p-summing multiplier if

i””‘jx,/up <o in Y for all sequences (x;) e l;“(X). Put

lnp(X,Y): {(uj)e B(X,X): i;] ”ujxj”p < oo,V(xj)e l:(X)}.

On the vector space I (X,Y), we define a norm

o, =om( Shosl | ) 1.

which is well defined because for each (w)e I (X,Y), this is the operator norm of the
bounded linear operator.

T, :l;’(X)—>lp(Y):(xj)0L (ux )

u J7
3.2.7 Definition: (p, q)-summing multiplier
A sequence (wy) jen of operators in B (X, Y) is a (p, q)-summing multiplier, in short

(u)e I, (X,Y), if there exists a constant ¢> 0 such that, for any finite collection of

p)fa
] :x'eBX. :

The least ¢ for which the above inequality holds is the (p, q)-summing norm of (u;) and is

vectors x;, ..., x, in X, it holds that

[guu,.xjuq]% < p{[2’<>

denoted by m, , (4;). The space of all (p, q)-summing operators is denoted by I, (x,7).
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3.2.8 Proposition
Let X and Y be Banach spaces and 1<p <q < « (I, (X.Y), 7z, (w) is a Banach space.

q

Proof
From the definition of a (p, q)-summing multiplier we have that

”(”fxf MW) G ”("f M,;(X)

where

» v
] [2 uujx,nqj is the morm in L,(¥),

- W
“(xj )} = sup{(z <x*,xj>pj X € BX*} is norm in 7?(X) and the least ¢ for which

J=1

the above inequality holds is called the (p,q)-summing norm of (;)and is denoted by

7,,(u;). Thus we define |

T () = suplf )| () < L (), ] =1
We now show that 7,, (u;) defines a norm on I, (X,Y). Given (), (v) & I, (X,Y) and
@ € R we have
NL 7,4 () = supllux,)|: (x,)e 22(x)|(x | =1} 20 since |(ux, )20 V),V x =0
N2.  Let 7, (1) =0, then 7,4 () = sup{u,x, )|: (x,)e 22 (X)(x, )| = 1} = 0

Slux) =0 Suxy=0 Vj,Vx =0 thus @) =0,V

Let (u;) = 0. Then 7, , (1) = 0

=7,4 (w) =01f and only if () =0
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N3.  7g(aw) = Supﬂ!((wj )X,- 1| : (x,i)e l:(X)’”(xj ll = 1}

- Supﬁla(ujlel () 50 ] =1
= supfalux, )|: () e £ (), ) = 1
= el suplfes, ] () () ] =)
= o] 7.4 ()
Nd. 7, (5 +v) = suplu; 4+, ) ] () e (O )| =1
= supfflx, +v )| (x,) < 1 (o), ) =1
= suplflex, )+ (v, )|: G ) e 13 (0, ] = 1
< s oo ] 1)+ sl o e 50 |

= g (W) + 745,4(v)).

Next we show that 7, (X,Y) is a complete normed space. We take a Cauchy sequence
(™) in I, (X.Y), where (u™)=(u""). Therefore given &> 0 there is a natural number N
such that for m, n > N we have
7t =) = suplfi? ~ e |- (5, ) (20, )] = 1)
= sup(|@?x, ~ulx)|: (v, ) e (X)) = 1) < £ @)

Therefore for every j and for m, n > N, we have
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i, e} =( S, ] | <o

:>|| %, —u H<g for every j and for m, n > N.
Thus (u_g.”)x j.) is Cauchy in /,(Y). Given [,(Y) is complete, (uﬁ.")x j) converges in it, and so
fixing j and letting n — c we have that (uﬁ”)xj) - (u jxj) € l(Y)
Letting n — o0 in (2) and for n > N, we have
7,6 —u,) = suplj@x, —ux)|: (v, )e 2 (X)|(x, )| = 1)<
This implies that (uﬁ") —uj) € I (X.Y) and that (uﬁ")) converges to (). But
u; =ul) = ~u;) € 1, (X.Y).

Hence
(W) € I (X.Y)

and thus /; (X,Y) is Banach. O
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CHAPTER 4

CONCLUSION

The concept of Banach spaces is basic to the study functional analysis, hence the
significance of identifying that a given space is Banach.
In this research, we have shown that the space of all (p, q)-summing multipliers,

Iy (X,Y), between Banach spaces X and Y, is itself a Banach space under the
operator norm denoted
(x ; M = 1}.

It is worth noting that the context of our work has been a finite family of vectors

g (W) = sup{}](ujxjm (x,)e 2 (x),

Xj,....x, in X. This is in keeping with the Grothendieck theorem and the work

already done in summing operators.
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