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Abstract

This thesis present anti-Jaynes interaction, an interaction where anti-rotating light mode
couples to a two-level atom. The anti-bunching properties of the anti-Jaynes-Cummings
model was explicitly demonstrated, a model which researchers have always shied away
from studying due to the notion that it was non-energy conserving. The energy con-
servation property was recently addressed hence creating a wider gap which need to be
addressed. The anti-Jaynes-Cummings interaction was redefined as a generator of the
anti-polariton qubit. Anti-polariton qubit is a two-state quantized particle specified by
state vectors, Hamiltonian, conserved excitation number, identity, state transition, U(1)
symmetry operators. Formation of anti-polariton qubit involves absorption or emission
of negative energy photon by field mode triggered by initial emission or absorption of
negative energy photon by the atom. Superposition of qubit state vectors provides the
eigenvectors and eigenvalues of the anti JC Hamiltonian. The mean photon number,
photon number fluctuation, density operator and atomic inversion are easily evaluated.
The result of the mean and its fluctuation were used in the Mandel operator to explic-
itly demonstrate the anti-bunching properties of the anti-JC interaction. Exact solution
of the long standing problem is of importance in understanding the statistical proper-
ties and physical properties of the interacting two level atom system which shall be of
great importance in the optimization of the technological application, especially in the
emerging areas of quantum teleportation and quantum computing. Attention can now
be refocused in studying the practical application of the anti JC model such as quantum

computing.
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CHAPTER 1

Background Information

1.1 Introduction

A simple system which has two energy levels is called a two-level atom (also known as
a two-state system). The two states are described by two eigen-states |a) and |b) [1-7].
In the following sections, the various models that describe the interaction between the

two-level atom and the optical fields are discussed.

1.2 The Rabi Model

The Rabi model [8] describes an atom that interacts with harmonic electric field. It
is realized by injecting an atom into an electromagnetic cavity [9]. The Rabi model is

associated by the Hamiltonian
1
HR:hw(éTé+2>+thQZ+hg(éT+é)(Q+Q+). (1.2.1)

where w , w, are the respective field mode and atomic spin state angular frequencies while
g is the atom-field coupling constant. The coupling constant represents the strength of

the atom-field coupling.

For field mode in standard number (fork) state |n), ¢, éf are the respective creation and

annihilation operators, lowering or raising the number state according to:
en) =vnn—1) ; éfn)=vn+1n+1) (1.2.2)

1
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while for the atom in the excited spin state |u) or ground state |d). Q_, Q,, Q. are the
spin state lowering ,raising and population inversion operators respectively acting on the

spin state according to:

d) = ) = (1.23)

Q. = Shlu)(ul )] 5 Q4 = Hu)(d] ;O = hld)(u
Q_|d) =0; Qylu) =0; Quld) = |u) ; Q_|u) = |d)
) = L Ju); Q.ld) = —|d) (1.2.4)

The Rabi model accurately describes the dynamical properties of a wide variety of systems
in quantum optics and solid state models. Moreover a variety of protocols in modern
information theory [10] employ the quantum Rabi model as a fundamental building block

with plausible technologies [11-17].

The time-dependent Schrodinger equation governing the time evolving dynamics of the
Rabi interaction would be solved directly through simple integration with respect to
time, but the resulting time evolution operator is not exactly evaluated in explicit form
therefore, only approximate solutions of the time-dependent Schrodinger equation for
the dynamics generated by the Rabi Hamiltonian have so far been obtained explicitly.
However, exact analytical solution have been obtained explicitly in the rotating wave ap-
proximation(RWA), which assumes that the interaction is very weak so that the constant
g is very small in comparison to the field mode and atomic angular frequency w and w,.
In RWA, the Rabi Hamiltonian is reduced to only one component in which the interaction

conserves energy called Jaynes-Cummings model(JCM) discussed in the next section.

1.3 Jaynes-Cummings Model

A simple but exactly solvable model called the Jaynes-Cummings model was introduced
by Jaynes and Cummings [18] to consider a single two-level atom interacting with a
single-mode field. Through the RWA, the 2Hg reduces to the JC Hamiltonian. Since

the ground state energy does not generate any dynamical evolution we drop it. The field
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mode Hamiltonian from Eq. (1.2.1) is expressed in the form
1 1
hw (e*e + 2) = 5w (efe+ceh) (1.3.1)

which gives
hw(é'e+ - | = zhwe'e + -hwee (1.3.2)
2 2 2
while the free atomic spin is symmetrized to take the form

1 1
huoofds = S hefd, + ShwQ, (1.3.3)

Substituting Eq. (1.3.2) and Eq. (1.3.3) into Eq. (1.2.1) and collecting the normal order

terms gives the JC Hamiltonian in the form

Hyje=hwé' é+hw, Q. +2hg(Qy + ¢1Q). (1.3.4)

The JCM has over the years attracted a lot of interest because of its energy conserving
nature. In the JCM, the quantized field mode is represented by the positive frequency
component in which the wave propagation is identified with the rotation in the clockwise
sense and both the atom and field conserves the total excitation number [19]. The

normally ordered excitation number operator is identified as
" 1
N=¢¢+Q.0 — > (1.3.5)

The JCM is exactly solvable because of the presence of the conserved excitation num-
ber operator N. Because of its conserved nature, the dynamics generated by the JC
Hamiltonian is exactly solvable since it is possible to apply the conservation principle to
reorganize the JC Hamiltonian in a diagonal form, in which the resulting time-dependent
Schrodinger equation is exactly solvable through simple integration. Other alternative
solutions [20] are also possible still based on the conservation principle. We observe
that the component of the Rabi Hamiltonian Eq. (1.2.1) which is ignored in the RWA is

identified with rotation in the anticlockwise sense is discussed in the next section.

1.4 Anti Jaynes-Cummings model

The property that the counter rotating component of the Rabi Hamiltonian operate in

a sense which is reverse relative to the JC Hamiltonian leads to the reference anti JCM.



CHAPTER 1. BACKGROUND INFORMATION

Substituting Eq. (1.3.2) and Eq. (1.3.3) into Eq. (1.2.1) and collecting the anti-normal

order terms gives the anti JC Hamiltonian in the form
Hajo = hweet + hw,Q, + 2hg(eQ2_ + ¢ Q). (1.4.1)

After explicit symmetrization of the Rabi Hamiltonian in terms of the normal and anti-
normal form in Eq. (1.3.4) and Eq. (1.4.1). The Rabi Hamiltonian in Eq. (1.2.1) take the
form

Hp=>(Hyc + Haye). (1.4.2)

DN | —

As we have observed above, the common experience in quantum optics over the years
has been that only the Jaynes-Cummings model represented by the JC Hamiltonian
Eq. (1.3.4) is exactly solvable while the dynamics generated by the anti JCM is not exactly
solvable always believing that it generates non-energy conserving dynamics. However,
the energy conservation property of the anti JC Hamiltonian was established in the
recent work in [21], where the existence of energy conservation property was explicitly
demonstrated. It is this specific proof of energy conservation that has stirred the interest

in the anti Jaynes-Cummings interaction [22].

Recent development on the Rabi model was the introduction of the polariton and anti-
polariton terms where polariton involves emission of positive energy photon by the field
mode and anti-polariton involves absorption or emission of negative energy photon by
the field mode. Polariton or anti-polariton is defined as a two-state quantized particle
specified by two state vectors, Hamiltonian, conserved excitation number, state transi-
tion operator, U(1) symmetry operator, SU(2) or U(1) symmetry operator and SU(1,1)

symmetry operator.

Polariton and anti-polariton are obtained through appropriate re-definitions of the JC
and anti JC Hamiltonian respectively [23]. The polariton qubit Hamiltonian takes the

form
O ; A LAt 0
H = A +th—Zwoz —§7iw ; A=aQ, 4+ +¢ Q0 a=—; 0 =w,+w (1.4.3)
g

while the anti-polariton qubit Hamiltonian is expressed as

~2 ~ h 1 =
H = hwA +th—Zw@2—§hw ; A=aQ,+Q_+¢"Qy ; a=

0 =w,—w  (1.4.4)

Q | >
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where A is the polariton qubit state transition operator and Ais the anti-polariton qubit
state transition operator. With this transition operator one can easily determine the
JC qubit state vectors as well as the anti JC qubit state vectors leading to a simple
determination of eigen state vectors through superposition of the qubit state vectors and
also determining the eigenvalue equation. The anti JC Hamiltonian is reorganized in the

form

: ! 0 Run(t) = /6 1 16g2(n + 1) (1.4.5)

A

In this thesis, we study the statistical properties of a two-level atom interacting with a

single quantized field mode in the anti JC model.

1.5 Statement of the problem

The anti-bunching properties of the anti JC model has never been studied due to its non-
energy conservation property. The energy conservation property of the anti JC Hamil-
tonian was only established recently[23], conservation of the excitation number operator
means that it is energy conserving and it should be specified by eigenvectors and eigen-
values just like it has been done for the Jaynes-Cummings interaction. The proof of
energy conservation made it clear that the model is solvable, the anti JC has stirred
interests in the recent past. We study the photon anti-bunching properties of the anti JC
model. Where photon anti-bunching by definition is the process through which photons

are produced one by one.
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1.6 Objectives of the study

The general objective of this study is to describe the anti-bunching property of a two-level
atom interacting with a quantized electromagnetic field mode (anti Jaynes-Cummings
model) without using the rotating wave approximation. The specific objectives are to

determine the:

1. Mean photon number and fluctuations.
2. Atomic spin population inversion in the state |U(?)).
3. Fluctuation in the atomic inversion.

4. Density operator and purity of state.

1.7 Significance of the study

An exact solution of the long outstanding problem provided clearer understanding of the
statistical properties and physical features of the anti JC model. Results obtained will
be of much importance in optimizing technological applications of the model especially

in the emerging areas of quantum computation and quantum teleportation.



CHAPTER 2

Literature Review

A lot of work [22, 24-26] has been done towards understanding the internal dynamics
and physical properties of a two-level atom interacting with a single mode of quantized
electromagnetic field, formulated as a quantum Rabi model with Hamiltonian Hg in

Eq. (1.2.1).

An exact analytical solution of the time-dependent Schrédinger equation describing the
time evolving states of the Rabi model has never been determined and has over the
years remained a major challenge. This long standing problem may be attributed to the
approximate nature of the Rabi model, which is based on the electric dipole approximation

or to the non-commutative algebraic properties of the model Hamiltonian Hp.

The difficulty to obtain an exact analytical solution describing the dynamical evolution
of the Rabi model led to a reformulation of the Rabi Hamiltonian in exactly solvable
approximate form [18]. The remainder of the chapter is organized as follows. The Rabi
model is discussed in section 2.1, followed by the review of the Jaynes-Cummings model

(JCM) in section 2.2 and anti JCM in section 2.3.

2.1 The Rabi Model

The Rabi model constitutes probably the simplest physical system beyond the harmonic
oscillator. Tts applications range from quantum optics [20, 27-30], magnetic resonance

[31-34] to molecular physics [35]. The model has also gained a prominent role in novel
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fields of research such as cavity quantum electrodynamics [36, 37].

Several attempts have been made towards solving the Rabi model. One of the approaches
is described in [38] where the energy spectrum of the Rabi Hamiltonian is obtained using
Bargmann-space formalism [24] where the field annihilation and creation operators are
converted into C-number variables. The exact spectrum of the Rabi Hamiltonian for
arbitrary coupling strength and detuning are then analytically determined. The work in
Ref. [38] also demonstrated the criteria for integrability of quantum systems containing
discrete degrees of freedom. To this end, the phenomenological level-labeling criterion of
quantum integrability proposed in [38] satisfies the quantum Rabi model and the approach
yields the energy eigenspectrum of the Rabi model. Despite the success of the method
in [38], the results obtained for eigenvalues and eigenstates spectrum are complicated

making it difficult to use them to obtain the general time evolution of the Rabi model.

Specification of the full spectrum of the classical Rabi system has also been done after
the work of [39], where the Bargmann-Fock Hilbert space 3 was applied. This is a space
of entire functions of one complex variable with a scalar product. In the approach, the
Rabi model turns out to be a quasi-exactly solvable model. The concept of quasi-exact
solvability applies to a quantum system for which only part of the eigen spectrum can
be derived algebraically [40, 41]. For the quantum Rabi model, this is exceptional part
of the eigen spectrum made up of the isolated exact Judd points, which can be derived

algebraically, among a number of different approaches.

Eq. (1.2.1) posses a serious obstruction to its analytical solutions because of the apparent
lack of second conserved quantity [18] besides the energy conservation which has led
to widespread opinion that it is not integrable. To remedy this difficulty, Jaynes and
Cummings proposed the rotating wave approximation (RWA) [18]. This approximation
assumes that the interaction is very weak and the coupling constant ¢ is very small in
comparison to the field mode and atomic spin angular frequencies w and w,. In the
rotating wave approximation, the Rabi model is reduced to a solvable JCM, discussed in

the following section.
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2.2 The Jaynes-Cummings Model

The Jaynes-Cummings model [18] was introduced to describe the interaction between a
two-level atom and quantized electromagnetic field. The JCM is obtained from the Rabi
model by the RWA which is justified for small detuning. The JCM has been useful in
describing various physical phenomenon such as collapse-revivals [25, 42], Rabi oscillations
[43] and atom-field entanglement [16, 22, 44]. Within the RWA, the JCM has been studied
in two different pictures, the Schrodinger picture [20] and the Heisenberg picture [45].
In the Schrodinger dimension, the exact solution of the JCM can be obtained [20] and
the Rabi oscillation predicted with the solution proof of the population inversion. Since
the JCM proved to be solvable, this was a clear indication that the JCM has algebraic
expression for probability amplitudes [20]. In the Heisenberg picture [45], it was shown
that the model permits simple expressions for the solutions of the Heisenberg equations

[46].

The JCM has also been used to get the density operator [47]. Density operator is then
used to get the Bloch vector which is useful in describing the state of an atom. For a
pure atom state, the Bloch vector has a unit length and hence move on a sphere of unit

length while mixed state has a shorter vector.

Photon number state of the JCM has also been investigated in [48] and the result is a
direct proof that during the JC interaction, there is periodic exchange of energy between
the field and the atom and that the oscillation of the field energy is given by the mean

photon number.

The statistical properties of the JCM has been investigated using the Mandel-Q operator
[49], which measures how the field differs from the classical field [48]. The Mandel-
Q operator explains the boundary process such that when ) > 0, then the photon is
interpreted to be bunched but when ¢ < 0, the photon is anti-bunched hence sub-

Poissonian statistics, which is purely quantum in nature [49].

The expectation values of the quadrature operators of the JCM has been studied where

it was noted that when the variance is less than i then the field is squeezed [50].

However, experimental observations have revealed that some effects such as atom-cavity
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entanglement [44] are not accounted for in the RWA [51]. This limitation led to the
study of Rabi model in improved RWA [52]. In the improved RWA, the dynamics of
the Rabi model is studied numerically by subjecting it to a dissipative effect acting only
on both the atom and the cavity mode. It came out that the anti-rotating term of the
Rabi model induces photon creation of the vacuum which is interpreted using quantum
trajectory approach and macroscopic ad hoc model of dephasing based on stochastic
oscillations of the atomic transition frequency. It was evident that the photon creation
through atomic decoherence [48, 53] is suppressed in the presence of damping mechanism
and estimated the magnitude of this phenomenon using current experimental values of

parameters, noting that the phenomenon might become relevant in future experiments.

The JCM has also been explicitly studied by subjecting it to a strong coupling regime
[26, 54], i.e., a regime where the RWA does not apply. Under this regime, the RWA

breaks down and Rabi model becomes analytically unsolvable.

In strong coupling regime [26], the photon number wave packets propagate coherently
along two independent chains, where they generates counter-propagating photon number
wave-packets in both directions. The results are full collapse and partial revivals where
probability is not restored. The collapses and revivals have interesting consequences in
phase space which is analyzed using Wigner function [55] and phase space trajectories

[24].

The counter-rotating terms have also been shown to have profound effect on the long time
behavior of the system since by including them in the semi-classical equations lead to
chaotic behavior [56]. The solution of the JCM with the counter rotating terms have been
presented under weak coupling regimes and a small dependence of the atomic inversion

arising from interference.

It was later considered that the anti JCM may be responsible for such experimental effects
leading to the interpretation that those effects are associated with anti JC components

which are dropped in the approximation. The anti JCM is discussed in the next section.

10
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2.3 The anti Jaynes-Cummings Model

The long outstanding problem of conserved excitation number operator of the anti JC
model was explicitly addressed in Ref. [21] using operator ordering a fundamental alge-
braic property to determine the conserved nature of the excitation number operator and

U(1) symmetry operator for the rotating and anti-rotating of the Rabi model.

The determination of N = &&+ + Q_Q, using the principle of operator ordering was
enough proof that the anti JCM is solvable. In the work described in Ref. [21], the anti
JC Hamiltonian is reorganized in the form

_ 1 Y —
H = huo(é" +Q-Qu) + 2hg(af, + 60 + & Q) - Shwr a= “ 5 d

(2.3.1)

where the symbols have their usual meaning. It was explicitly shown in [21] that the Rabi
Hamiltonian is composed of two algebraically complete JC and anti JC components each
specified by its characteristic excitation number, state transition, u(1)-symmetry and red

and blue side-band eigenvalue spectrum.

The realization that the excitation number operator of the anti JC model is conserved
has sparked interest in the study of the anti JC model [22]. Even though it was a
great achievement, the dynamical properties of the JC model was never investigated
hence leaving a wider gap which needs to be bridged. The precise algebraic and physical
framework for studying the dynamics and practical applications of polariton and anti-
polariton qubits[23], interpreted as a two-state quantized particles formed through the
coupling of an atomic spin to a rotating positive frequency or anti-rotating negative
frequency component of the quantized electric field was developed [23]. The quantum
Rabi optical lattice was taken as a geometrical framework for studying the dynamics and

physical properties of systems of interacting polariton and anti-polariton qubits.

The conserved nature of the anti JC Hamiltonian was again proved by introducing a state

transition operator given by
A=a0, +e_ +¢e'Q, (2.3.2)

which gave the reformulated anti-Jaynes-Cummings Hamiltonian

_ A

-~ A 1
A = hoN +2gA — She. (2.3.3)

11
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The only studies which so far has been done on the anti JCM are the proof of the conserved
nature of the excitation number operator [21], obtaining its eigenvectors and eigenvalues
[23] and the Rabi oscillations, entanglement and teleportation of the anti JCM [22] are
the only studies which have so far been done explicitly on the model. But the specific
studies of the statistical properties like determination of the time development of the

photon number and obtaining the density matrix have not been studied.

12
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Research Methodology

We started by noting that within Schrodinger picture the state vectors evolve in time
but the operators are constant with time while in the Heisenberg picture the states
are constant while operators evolve in time whereas within the interaction picture both
state and operators evolve in time. Our method involves the analysis of the anti JC
Hamiltonian. We use direct integration method within the Schrodinger picture since
the anti JC Hamiltonian is time independent. Since the Rabi Hamiltonian has been
expressed in terms of the JC and anti JC Hamiltonian in Eq. (1.3.4) and Eq. (1.4.1)
[23], by introducing normal and anti-normal operator ordering respectively, we consider
the lower Rabi subspace, subspace where the interaction begins with the atom in an
initial spin-down state |d) and the field mode in an initial number state |n) such that the
polariton and anti-polariton qubit [21] is formed in an initial n-photon spin-down state

|U,,q) defined by

W) = [nd)

We redefine anti JC Hamiltonian as anti-polariton qubit Hamiltonian, then the time-
dependent Schrodinger equation is used to calculate the time evolution of the anti JC
model in the form

. 0
Zh%|\1/nd> == Hajc|\11nd> (301)

The state vector |¥) is taken to evolve from a spin-down state. Since anti polariton

13
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Hamiltonian is time-independent, the time evolving state vector is evaluated in the form

(Wna(t)) = U(t)|Wna)

where

U(t) = e~ itlasct

Eq. (3.0.3) is the unitary time evolution equation.

(3.0.2)

(3.0.3)

3.1 Eigenvalue and eigenvectors of the anti JC model

We let the transition operator A to act on state vector |¥, ) to get

[

)
|Wna) = (@Qz + &+ 7 ) |nd)

which by applying algebraic operations from Eq. (1.2.4) give

[

16
W) = —1§|nd) +vn+ 1n + 1lu)

simplified in the form

19 ) )
—Z§|nd>+\/n—+1\n+1u) = \/(_g) + (Vn+1)

\/(—ig)Q + (Vn+1)?

we define probability amplitudes in the form

16

Xn+1 = 19
V(6)2 +16g2(n + 1)

and

vn+1
V(6)2 +16g2(n + 1)
we substitute Eq. (3.1.5) and Eq. (3.1.4) to Eq. (3.1.3) to obtain

Alnd) = /()% + 16g2(n + 1){xns1|nd) + x|n + 1u)}
from Eq. (3.1.6) the state vector |®,4) is given by

|Pra) = Xnt1|nd) + x|n + 1u)

14

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)
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substituting Eq. (3.1.6) into Eq. (3.1.7) to get

AW 0) = /82 + 162 (n + 1)) (3.1.8)

We then proceed by allowing the state transition operator A to act on the state vector

|®,,4) defined in Eq. (2.3.2), in the form

(@ a) = A xnra|nd) + xln + 1)} = xne1 (Alnd)) + x(Aln + 1u)) (3.1.9)

m

Since the first term on the right hand side of Eq. (3.1.9) had already been evaluated

explicitly in Eq. (3.1.8), we evaluate the last term on the right hand side in the form
= 16
AW, 14) = §sz|n + 1u) +eQ_|n + 1u) + ¢ Qy|n + 1u) (3.1.10)
g

which on noting that
et n+1u)y =0 (3.1.11)

Equation (3.1.10) now takes the form
=S 19
AV, 110) = Z§|n + lu) + vn + 1|nd) (3.1.12)

further expressible in the form

AW,ira) = J(0)2 +16g2(n + 1)

i VAT
(\/(5)2 + 1692(n T 1) ‘n —+ 1U> + 52 + 1692(77, T 1) ‘nd> (3.1.13)

From Eq. (3.1.4) and Eq. (3.1.5) it is easy to see that
Vit 1= x{y/(8% + 166%(n + 1)} (3.1.14)

and

§ = —4gXni1/0? + 16g2(n + 1) (3.1.15)

using Eq. (3.1.14) and Eq. (3.1.15) in Eq. (3.1.13) gives

ABa) = /2 + 16g2(n + 1) W) (3.1.16)

We observe that as expected the time evolving interaction variables |V, ) and |®,4) in

this fully quantized electromagnetic field mode are quantized. In summary

AW,a) = /62 + 169%(n + 1) @pa) (3.1.17)

15
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A|Ba) = /62 + 16g%(n + 1)[W,0) (3.1.18)

We consider action of the transition operator on the state vector in the form

(UF) = [Wpa) + |Pna) (3.1.19)
(U7) = [Vna) — |Pna) (3.1.20)
AUty = /82 + 16¢2(n + 1)(|Wna) + [®na) (3.1.21)
and
AUy = /82 +16g2(n + 1)(|Wpg) — [®pa)) (3.1.22)

where |[U1) and |¥~) are the state eigenvectors of the anti JC Hamiltonian. It follows
that
+ I+ gy Ly 0% o] +
Hoyjo|¥T) = hwA [UT) 4+ 2hgA|UT) — Zhw?hlf ) + §hw]\Il ) (3.1.23)

giving

Hajc|¥) = hw(n + ‘;)) + 2hg\/52 + 16g%(n + 1)| ") (3.1.24)

which means that

hw(n + 2) + hg/0% + 162 (n + 1)|UF) = B, [U) (3.1.25)

which implies that

Hoye|UH) = B,y |UT) (3.1.26)
and
Hoyo|U™) = B, |U) (3.1.27)
where
3
By = heo(n+ 3) + 2hig\/62 + 16¢%(n + 1) (3.1.28)
and
3
By = hu(n+3) = 2hig\/82 + 16¢%(n + 1) (3.1.29)

We have derived the eigenvalue equations Eq. (3.1.28) and Eq. (3.1.29) of the anti JC
model. The fact that the anti JC model has both eigenvalues and eigenvectors is enough

prove that the anti JC model is exactly solvable.

16
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3.2 Dynamical Evolution

The dynamical evolution of the polariton qubit states is generated by the polariton qubit
state evolution operator. We start by writing the time-dependent Schrodinger equation
in the form [21]

.0
Zha’q]ncﬁ = Ha]C“Pnd> (321)

substituting Hamiltonian Eq. (1.4.5) into Eq. (3.0.3) provides the unitary time evolution

operator in a factorized form
U(t) — e—iw(n+1)%1t€—iRn+1€t (322)

We proceed to investigate the algebraic properties of the anti polariton state vector in

the form
et=¢ . =1 &=] ; & =¢ . £k=0,1,2,3cc...... (3.2.3)
0l — il [ ; e = cos O + isin e (3.2.4)
leading to
—iRp 16 = (—iBt)*
U(t) = e Hnt1é — ’;) i ék (3.2.5)
where
00 k
=3 “;??“ (3.2.6)
k=0 "
which implies that
© (iRt k/\
U1 =3 T ) (3.2.7)
k=0 :

We solve Eq. (3.2.7) using exponential expansion where odd terms are grouped together

and even terms also grouped together in the form

= (iR t)™ o o (ZiRaat) T
0Ty = (3 > v 2.
VM) = (2 =y T 2 gy ¢ )W (3:28)

by applying
€2k’\pnd> = ‘and> ; é\2I€+1‘(I)nd> = ‘cbnd> (329)

it is now easy to see that

& (—iRp1t)* o (=R 1) g
U Tng) = S 0t oy 2 N (3.2.10)
2 0p) D P

17



CHAPTER 3. RESEARCH METHODOLOGY

further expressed in the form

— (—1 nt1l)”
‘\Dnd Z )+1 ) 2k‘\Ijnd>
k=0
Rn—l—lt)2l€+1 ~2k+1
— P, 211
kzo 2k:+ nr 6 %) (3.2.11)
by letting
© (_; k Rn t2kA
> (=9) (<2k):r1 ) e |W,.4) = cos(Ryt) (3.2.12)
k=0 :
(=) (R t)* .
S ) = sin(Rut)
k=0 :
which now gives
U(t)|V,q) = cos(Rp11t) — isin(R,41t) (3.2.13)

We use the time evolution operator U(t) to explicitly determine the general time evolving
anti-polariton qubit state vectors starting from spin down state |nd), the general time
evolving anti-polariton qubit state vectors |V, 4(t)) and |®,4(t)) are generated from the
respective initial qubit state vectors |U,,(t)) and |®,,(t)) through the respective time

evolution operators according to

Wna(t)) = U Wna(t)) 5 [Pna(t)) = U(t)|Pna(?)) (3.2.14)
implying that
|W,a(t)) = e‘iw("Jr%)t{cos(RnH(t))|\11nd> —isin(R,11(1))|Pra} (3.2.15)
|®pq(t)) = e"@m+2 )t{cos(RnH(t))M)nd) —isin(Ry41(t))[Yhat (3.2.16)
but
|Dya) = Xnt1|nd) + x|n + 1u) (3.2.17)

which we substitute back to obtain |¥,,4(t)) explicitly in the form
[Woa(t)) = €02 (co8( Ry (1)) = ixns1 sin(Rpya (1)) )

—ixsin(Ru41(t))|In + 1u) (3.2.18)

18



CHAPTER 3. RESEARCH METHODOLOGY

3.3 Algebraic Properties of Qubit State Vectors

We determine if time-evolving anti-polariton qubit state vectors |W,,(t)) and |®,.(t))
obtained above preserve the normalization and non-orthogonality and state-transition

algebraic relation of the qubit state vectors in the form [23]

(Uoa ()| Wa(t)) =1 (3.3.1)

(Dpa(t)|Pra(t)) =1 (3.3.2)

We continue to investigate the non-orthogonality of the state vectors in the form
On substituting (3.2.16) and (3.2.15) into (3.3.3), noting that cos? ; +sin2,, = 1 gives

(Wra(£) [ Bra(8)) = — 1 (3.3.4)

We have explicitly established that the polariton qubit state vectors are non-orthogonal

and normalized according to the relation
(Wna(0)[Pra(t)) = =Xnt1 (Wna(t)[Una(t)) = 1 (3.3.5)

We observe the general time evolving state vectors to be entangled and preserve the

normalization and non-orthogonality relations according to Eq. (3.3.5).

3.4 Dynamics of the anti JC model

We apply operator ordering as a fundamental algebraic property to determine the dy-
namics of the anti JC model. We start by calculating mean photon number which plays

a fundamental role in the characterization of the light states, it is calculated in form

(Wna () |7 Wna(t))
(Wna(t)[Wna(t)) -

(3.4.1)

n =

but
(Voa ()| Wa(t)) =1 (3.4.2)
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hence

We proceed to calculate the mean fluctuation which is used in the determination of the

statistical properties of the model

ATI(t) = \/n2(t) — (A(t))? (3.4.4)

We again proceed by noting that the mean value of the atomic spin population inver-
sion 2, in the general time evolving state |¥(t)) constitutes the atomic spin population

inversion in the form
0 = g (010

(3.4.5)

hence

Qu(t) = (Vna(t)| 2] Wra(t)) (3.4.6)

After calculating the mean photon fluctuation we can easily calculate atomic inversion

fluctuations in the form

ATL(t) = \/R(1) — (% (1))? (3.4.7)

After explicit determination of the mean photon number and its fluctuation, spin atomic

inversion and its fluctuation. We then plot the results to analyze the nature of the graphs.

3.5 Statistical properties of the anti JC interaction

We shall use the results obtained for the mean photon number to study photon statistics.
Depending on the light source three regimes of statistical distribution can be obtained,

poissonian or non-poissonian or super-poissonian. [49].

We finally calculate the reduced density matrix using the state vectors, this provide a

useful way to characterize the state of the ensemble of quantum system given in the form

p(t) = W (2),q) (W (1),,q- (3.5.1)

After developing the reduced density matrix, will then use it to generate the Bloch vector
[57] which will be used to study the state of the atom, if the length of the state vector

equals 1 then the atom is in pure state but if its < 1 then the atom is in mixed state [58].

20



CHAPTER 4

Results and Discussion

4.1 Mean Photon Number

The mean photon number is an important figure of merit for the characterization of the

light states. from Eq. (3.4.1), Eq. (3.4.2) and Eq. (3.4.3), it follows that

n|W,a(t)) = e_iw(”Jrg)t{ cos( Ry 1t) — ixny1 sin(Ry,1t)ccT |nd)
—isin(cos(R, 1t))éct |n + 1u>} (4.1.1)
expressible in the form
A0, — e—iw<"+3>t{(n + 1) co8(Rosat) — ixmes sin(Bosat)|nd)
—i(n + 2)xsin(R,1t)|n + 1u)} (4.1.2)
we then let
p(t) = cos(Ryy1t) — iXpnyr sin(Ryqat) ;5 v(t) = —ixsin(Ryi1t) (4.1.3)
substituting Eq. (4.1.3) back to Eq. (4.1.2) gives
AW ()]) = e 0D (0 Dp(t)|nd) + (n + 2)v(t)|n + 1u)} (4.1.4)
Taking the conjugation of |¥,4(t)) in Eq. (3.2.15)
(Wa(t)] = {p(t) (nd| + v*(t)(n + Lu|}e™ 30 (4.1.5)
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mean photon number at vacuum state
mean photon number

1.6

14

02 o4 o0 08 10 '™
Figure 4.1: Mean photon number at n=0, time=1s
which now implies that
(Wna() [ Cra(t)) = (n + Du(t)]* + (n + 2) (1)’ (4.1.6)
which on further simplification taking note that |u(t)|> + [v(t)]* = 1 gives
at) =n+1+ vt (4.1.7)
substituting v(t) from Eq. (4.1.3) into Eq. (4.1.7) gives the form
n(t) =n+ 1+ x*sin’(R,;1t) (4.1.8)

The mean photon number in Eq. (4.1.8) is time-dependent as expected. Setting n = 0
reveals that the anti JC interaction leads to an excitation of the quantized field mode

vacuum state.

From Fig. (4.2), Fig. (4.3), Fig. (4.4), it is clear that all the graphs starts from the origin
meaning ground state and evolves with time . The photon is seen to undergo periodic
changes across the three displays, though at the vacuum state the oscillation is not much
faster compared to when n = 50. This is because, the stronger the field, the size of

the transition matrix elements also in turn increases and this makes the evolution to be
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Figure 4.2: Mean photon number at n=>50, time=1s
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mean photon at n= 30
mean photon number

32.01

314

31.21

Il Il Il Il
0.2 0.4 0.6 0.8

Figure 4.4: Mean photon number at n=30, time=1s

— time
1.0

faster. More detailed comparison of the behavior of photons and atoms are explicitly

explained in 4.2.

4.2 Fluctuations in Mean Photon Number

In quantum optics, fluctuations in mean photon number is calculated in [20]

AT() = \Jn2(t) — (7(t))?

(4.2.1)

We proceed to calculate the mean square photon number n2(¢) in the form

n2(t) = (Vpa(t)[E872[Wq(t)) + (Wna(t)|e" [Wpa(t))
which further takes the form
n2(t) = (Wna(t)| 62| Wnq(t)) + 1(t)

We solve (U,,4(t)|¢%62|W,4(¢)) in the form

(V0|62 Wna) = (0" (t)(nd| + v*(t)(n + Lul)

e (p(t)Ind) + v(t)n + 1u))

24
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further expressible in the form

(Unal&®e2 | Wng) = (0" (){nd] + v (£)(n + Lul)

(n(n — Du(t)|nd) + v(t)n(n + 1)|n + 1u)) (4.2.6)
We obtain
(Una(t)|E*ET2[Ta(t)) = n(n — D|p(t)]* +n(n + 1|v () (4.2.7)
which we express in the form
(Una(t)|E2ET2[Wa(t)) = n* — n(lu(t)* — v()[*) (4.2.8)

Substituting Eq. (4.2.8) back into Eq. (4.2.4) gives
R2(t) = n? — n(lp(®) — O + 7 (42.9)

Using Eq. (4.2.9) in Eq. (4.2.1) gives the photon number fluctuations in the form

A(t) = /2 = n(|p(b)]? = [V(B)2) + 7 - (a(1))? (4.2.10)

simplified further in the form

\/n (1=mn(t)) +n(n — |u|>+ |v|?) (4.2.11)

Factoring out /7i(t) gives the form

AT(E) = n(t)J (1 — 7)) + = L’i‘;* V?) (4.2.12)
where the factor
_ n(n — |pl* + |v?)
J (1 —7(t) + = (4.2.13)

leads to the interpretation that the process takes non-poisonian statistics. In Fig. (4.8),
Fig. (4.9), Fig. (4.7), Fig. (4.6), Fig. (4.5) the photon displays the same periodic behavior
as mean photon number and oscillate much faster at the same photon state. Much details

on whether the model is poisonian, non-poisonian or super-poisonian is explained in 4.2.1.
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MEAN FLUCTUATIONAT n=10, time=5
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Figure 4.5: Mean fluctuation when n=10,time=>5s
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Figure 4.6: Mean fluctuation at n=10,time=4s
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Figure 4.7: Mean fluctuation at n=10,time=3s
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MEAN FLUCTUATIONS AT n= 30, time=1
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Figure 4.8: Mean fluctuation at n=10,time=1s
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Figure 4.9: Mean fluctuation at n=10,time=2s
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4.2.1 Mandel’s Factor

We then proceed to examine the statistical properties of the anti JC model by comparing
the results obtained for the mean photon number and its fluctuations by using Mandel’s
theory. Mandel’s theory [49] applies to any kind of linearly polarized incident light,
irrespective of its statistical properties or irrespective of whether light fluctuations are

statistically stationary or not. The theory states that

=(£)2
Q= (A:((:))) —1 (4.2.14)

From the Mandel’s factor, one can obtain different types of statistical regimes that is

Poisonian, super-poisonian and sub-poisonian regimes. We proceed by substituting the

results obtained for the mean and its fluctuation in Eq. (4.1.8) and Eq. (4.2.12) respec-

tively into Eq. (4.2.14) to obtain

w1 = () +nln = |l = P

n+1+ |v(t)|

0= —1 (4.2.15)

By considering the initial field mode vacuum state n = 0 in Eq.(4.2.15) results to

_ mt)(1 —m(t) +0
Qo = =0 1 (4.2.16)

meaning at n =0

Qo =1 -T5(t) — 1 = —m(t) (4.217)
Hence, in the initial field mode vacuum state n = 0, the Mandel’s factor Q is given by:
Qo = —Tg(1) (4.2.18)
but from Eq. (4.1.8), taking n = 0 gives
mo(t) =1+ |v®))? (4.2.19)
which we substitute into Eq. (4.2.18) to get
Qo =—1—|v(t)]? (4.2.20)
Substituting v(t) from Eq.(4.1.3) for n = 0 into Eq.(4.2.20) gives
Qo = —1 — xsin®(Ryt) (4.2.21)
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We now proceed to consider Mandel’s factor at n = 1, by first noting that

— @) = v@®)]? = =(u@®)]* + v()*) = -1 (4.2.22)
It follows that at n = 1

() (1 =) + (1 — |uf® = )

= -1 4.2.23
but we note that n =1
m(t) =2+ |v(t))? (4.2.24)
which is substituted and expanded to get
—2 =2y — [v(®)]> — [v(®)*
= -1 4.2.25
further simplified in the form
2= 3jv(®)]” — v@®)*
= -1 4.2.26
M TN POlE (4:2:20)
which can be expressed in the form
2+3[p®)P + @)
= _ +1 4.2.27
Q= e ) (4:2.21)
We finally consider a case when n = 2 in the form
— @ = @) = =(p®) P +v@)F) = -1 (4.2.28)
it then follows that
2+ [v(t)]
simplified to take the form
3+ V(B (=2 — [v(®)*) +2
= -1 4.2.30
@ 3+ V)P (4:2:30)
expanded and simplified in the form
—6 —3[v()* — 2v(t)]* — [v(@)|* + 2
= -1 4.2.31
@ 3+ )P 4230
simplified in the final form
—4 —5|v(t)]? — |v(t)]*

3+ [w(t)?
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can be simplified further in the form

4+ 5[v(b)]* + v()]*)
3+ [w(t)?

We finally consider a general case for n in the form

n(t)(1 —n(t) +nln — |ul* = [v[*)

Q2 = —(

+1) (4.2.33)

= —1 4.2.34
? n+1+ |v(t)| ( )
which is expressible in the form
n(t)(1—mnt) , nln—|u?—[vf)
— -1 4.2.35
@ a) =0 (42.35)
simplified to take the form
12 12
0 —1-n()+ "=y (4.2.36)

n(t)

which on expansion and substitution takes the form

Q = —n — x*sin®(R,41t)+
n? — n(cos®(Ryy1t) + X241 sin?(Rpuqat) + x?sin?( Ry, 41t))

-1 4.2.37
n(t) ( )
which on factorization takes the form
2 2 2
. — R, 1t) — n(cos®(Ry11t)
1 m o Zsin(Rygt) — I (P 4.2.38
Q n X sin ( +1 ) n+ 1 + SinQ(Rn+1t) ( )
which after noting that
sin®(R,1t) + cos®(Rpy1t) = 1 (4.2.39)
now takes the form
_ 1)
— 1 —n—y2sin®(R,qt) — n{n 4.2.40
@ n = X" sin(Fnpat) n+ 1+ x2sin?(R,1t) ( )
Taking a final explicit form
—1
Q= —{1+n+x*sin*(R,1t) + n(n—1) } (4.2.41)

n+ 1+ x2sin?(R,1t)
The results obtained from Eq. (4.2.21), Eq. (4.2.27), Eq. (4.2.33) and Eq. (4.2.41) both
have negative value meaning that the photon statistics is sub-poissonian in nature and
hence the photons are produced in anti-bunches, one at a time and the process is known
as photon anti-bunching. Photon anti-bunching generally refers to a light with photons

more equally spaced than a coherent laser field.

From the results obtained for Mandel’s factor, it is now clear that the anti JC is purely

quantum.
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4.3 Atomic Spin Population Inversion

Atomic inversion is the photon number probability weighted sum of oscillating terms.

It can also be taken as the difference in probabilities for the atom to be in the excited

and ground states as earlier predicted by the JC model [18]. The mean value of the

atomic spin operator €2, in the general time evolving state |W(¢)) constitutes the atomic

spin-population inversion. We therefore obtain it in the form [28]

)
0= o)

(Wna(1)|Wna(t)) = 1

we proceed to solve

in the form

Q.| W (1)) = e DY (1) nd) + (1) Quln + 1u)}

which gives

QI Wa(t)) = e D —p(t)nd) + v(t) I+ 1))

Taking the conjugation of [W,(1)) in Eq. (3.2.15)
(Ura(t)] = p* (£)(nd| + v* (£)(n + Lu|e™ 2

implies that
(W)W = S (0) — (1))
meaning ,
Q.(t) = S{vOF - @)’}

Using the definition of u(t) and v(t) Eq. (4.1.3) gives
u(t)]* = cos®(Rns1t) + x*sin®(Rusat) 5 [v(t)]* = x*sin®(Rasit)
We obtain
1 2 2y _ L2 2\ i1 2 2/ P2
SUrOF = [p®)F) = Sy = X7) sin™(Basat) — cos™(B,1))
further simplified in the form
1 _ :
Q.(t) = §(Qi+1 sin?( Ry 1t) — cos®(Ry,41t) — x*sin®(Rp41t))
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Using x? and y,, + 12 from Eq. (3.1.4) and Eq. (3.1.5) in Eq. (4.3.10) gives

- 1,62 —16¢%*(n+1)
Q
0 = 3 G 621 1)

)sin®(Rpy1t) — cos®( R, 1t) (4.3.11)

Eq.(4.3.11) is the atomic spin population inversion expressed in its explicit form.

As predicted by the presence of the term x* — x2,, in Eq. (4.3.11), which tells us analyt-
ically that the Rabi Hamiltonian oscillates between the negative and the positive values.
The same has been predicted numerically from the graphs of the atomic inversion. Just

as expected, as the atom is emitted, a photon is absorbed and vice versa.

4.4 Fluctuation in Atomic Inversion

From the mean photon fluctuation we can easily calculate atomic inversion fluctuations

in the form

= () — (%(t))? (4.4.1)
but as proved earlier
0 (1) = S~ [n()) (142)
which when squared takes the form

(Q:(1)* = i(IV(lﬁ)l2 — @) (4.4.3)

we then proceed to determine the mean square atomic inversion in the form

. 1. 1(1 0
Oy =65, =~ (4.4.4)
27 210 -1
which on squaring gives
. 14 1(1 0 1 0 1(10 1
G, =282=12 — — T (4.4.5)
27 4l o -1 0 —1 4101 4

it therefore means that

2 Wna(t)) (4.4.6)

(4.4.7)
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ATOMIC FLUCTUATIONS AT n=40, time=8
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Figure 4.10: Atomic fluctuation at n=40,time=8s

meaning

AD:(1) = 31— (Iuf? — ) (448)
meaning

(1)~ ((10)) = ; — (W) (1.49)
further implies that

A1) = 5T — P2 (4.4.10)

which now gives the atomic fluctuations in the final explicit form

— 1
At = 5\/1 — (22, — x?) sin®(Ry41t) — cos?(Rp41t))? (4.4.11)

In Fig. (4.10), Fig. (4.11), Fig.(4.12), Fig. (4.17) Fig. (4.16), Fig. (4.18) shows the process
through which atoms are emitted from the ground state as expected. Directly related
to the atomic fluctuation is the mean fluctuations. They both show the same periodic
behaviors. Fig. (4.13), Fig. (4.14), Fig. (4.15) clearly illustrates that fluctuations do not

take place at vacuum state.

We have explicitly displayed the statistical and dynamical properties of the anti JC model
by use of wolfram mathematica. We have taken the numerical path of solutions just to
compare the behaviors we arrived at through the initial analytic method. It is clear that

the numerical behaviors so far explained are the same with the analytical solutions as
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ATOMIC FLUCTUATIONS AT n = 40, time = 2
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Figure 4.11: Atomic fluctuation at n=0,time=2s
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Figure 4.12: Atomic fluctuation at n=40,time=1s
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Figure 4.13: Atomic fluctuation at n=0,time=8s
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ATOMICFLUCTUATIONS ATn=0, time=2
fluctuations
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Figure 4.14: Atomic fluctuation at n=0,time=2s
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Figure 4.15: Atomic fluctuation at n=0,time=1s

35



CHAPTER 4. RESULTS AND DISCUSSION

ATOMIC FLUCTUATIONS AT n=45, time=3
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Figure 4.16: Atomic fluctuation at n=45time=3s
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Figure 4.17: Atomic fluctuation at n=45,time=8s

expected. For example, we obtained numerically that the state is pure similar to the

result obtained analytically.

4.5 Density Matrix

The density matrix denoted by p(t) [25, 59, 60] provides a useful way to characterize the

state of the ensemble of quantum system given in the form

p(t) = W) ()] (4.5.1)
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ATOMIC FLUCTUATIONS AT n =45, time =2

fluctuations

N

Figure 4.18: Atomic fluctuation at n=45time=2s

which on substituting the time evolving state vector |¥(t)) which takes the form
|V () = cos(Ryi1t)|Vna) — isin(Ry1t|Pra)) (4.5.2)
gives

p(t) = {(cos(Rps1t)|Wna) — (sin(Rni1t))| Pna) }
{(co8(Rus1t))(Wpal + (i sin(Ry 1)) (Ppal} (4.5.3)

evaluated to get

p(t) = cosQ(RnHt)]\Ifnd)((I)nd] +icos(Ryy1t) sin(Ry,16) [ Wha) (Dol

—isin(Ry, 1) cos( Ry 1)V na) (Pral + sin?(Rpi1t) |Wpa) (Pl

(4.5.4)
we then proceed by letting
P = cos(Rusat)
1
pria(t) = icos(Ryiit)sin(R,it) = ésm(QRnHt)
1

pel (t) = —isin(Ryi1t) cos(Ryqit) = —3 sin(2R,1t)
p2(t) = sin®(Ryt) (4.5.5)
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We interpret the density operator p(t) as elements of 2 x 2 density operator which we

express in terms of the standard2 x 2 matrix I, 0, 0y, 0. in the form

P7111+1<t) Pylz2+1(t)

(4.5.6)
szlﬂ(t) Pizﬂ(t)

Pn+1 (t) -

but

1 . -
Prpi(t) + ppaa(t) = 1= ppia(t) = 5(1 + pn1(t).0) (4.5.7)

Where we have introduced the Pauli spin matrix vector ¢ and a time evolving density

vector pp41(t) defined by

F=(0004:02) 5 para(t) = (P (1) Pla(0), () (458)

where
Pri1 = Pgrl(t) + Pil+1(t) P Dhal = i(ﬂiﬁi—l(t) - Pilﬂ(t))
PZH = p’}L{‘rl + Pi%rl(t) (4'5'9)

Substituting the density matrix elements obtained earlier gives the components and length

of the density matrix in the explicit form
Pt = P (t) + p7a (t) = 0 (4.5.10)

P (t) = "(Pgrl(t) - Pilﬂ(t)) = 2(5 sin(2R,11t) + B sin(2R,41t))
hence

po 1 (t) = —sin(Ry,41t) (4.5.11)
where we have used the trigonometric relation given by
cos(2a) = cos® a — sin® (4.5.12)

to obtain

pi 1 (t) = cos(2Rp41)(t) = cos(2Rp411) (4.5.13)
giving
Prsr(t) = (Pryr(8), Pa (8), P74 (1))
resulting to the density matrix in the final explicit form

Prs1(t) = (0, —sin(2R,,11t), cos(2R,41t)) (4.5.14)
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4.5.1 Length of Bloch Vector

o1 (1) = \/(SI0(2Ry111))? + (cOS(2Rp111))? = V1 (4.5.15)

which gives the length of a Bloch vector in the final explicit form

| (B)] =1 (4.5.16)

The Bloch vector of a density matrix of the anti JC Hamiltonian is seen to have a unit
length and is interpreted as the unit radius of a circle in the yz plane. This further implies

that the model is in a pure state.

The process observed is purely quantum in nature and hence the model is very impor-
tant for testing the prediction of quantum theory. Numerical solutions are also of great

importance in the field of quantum information processing.
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CHAPTER 5

Conclusion and Recommendations

5.1 Conclusion

In this Thesis, we applied the recently constructed excitation number operator[21, 23],
to study the physical and statistical properties of the anti JC model, noting that similar
studies have been successfully done on the JC model[61]. We have explicitly obtained
the mean and its fluctautions which is then used in Mandel’s factor to study the statis-
tical properties of the anti-JC model. We have observed sub-poisonian statistics from
the results obtained from Mandel’s factor. This property reveals that the anti-Jaynes-

Cummings interaction is characterize by photon anti-bunching process.

We have obtained the density operator which is then used in Bloch vector to study
purity of state. The purity of state was shown by the Bloch sphere having a unit radius
which demonstrates that the state generated in aJC is a pure state. The knowledge of
quantized atom interacting with quantized light is fundamental in developing effective

quantum computation protocols.

Theoretical adjustment in the aJC model will be important since approximations applied
in the full Rabi model may be overlooked and the interaction taken strictly in the aJC
interaction where now the effect of the negative component of the electromagnetic can now
be implemented experimentally. Since it is still in the early stages of its development, it
will be important to allow for new approaches in experimental realization if not observing

the aJC interaction.
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CHAPTER 5. CONCLUSION AND RECOMMENDATIONS

We have explicitly determine the statistical properties of the anti JC model. Attention
can now be refocused on the study of the practical application of the anti JC model such

as quantum computing and quantum teleportation.

5.2 Recommendations for further Research

We have explicitly obtained the dynamics of the anti JC model. Attention can now be
refocused on the study of the practical application of the anti JC model such as quantum

computing and quantum teleportation.
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